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Abstract
The flow of polymer solutions in the high Elasticity number, El, regime in complex
geometries may lead to strong viscoelastic behaviour and eventually become unstable as
the Weissenberg number, Wi, is increased beyond a critical level. So far, the success of
numerical simulations in predicting the highly non-linear behaviour of polymer solutions
in complex flows has been limited.
In this thesis, selected constitutive models are evaluated under the high El flow regime
in the cross-slot and contraction benchmark flows using a numerical technique based on the
finite volume method. The numerical technique is implemented within the OpenFOAM
framework and thoroughly validated in the benchmark flow. A modification to the FENE
dumbbell model based on the non-affine deformation of polymer solutions is proposed,
which enabled the prediction of some non-linear material functions and also enhanced
numerical stability, allowing a higher Wi to be attained.
Asymmetric flow instability in the cross-slot flow has been studied. Time-dependent
stability diagrams were constructed based on Wi and the strain, ε, both of which govern
the stretching of a polymer chain. In the contraction flow, elastic instability is simu-
lated for the first time in this geometry. Substantial time-dependent asymmetric flow
patterns were predicted as seen in experiments. The effect of the contraction ratio is
investigated through a stability diagram. Three-dimensional finite element simulations
were also carried out to study the effect of the aspect ratio in the contraction flow of
a Phan-Thien-Tanner fluid. The simulations suggest that a lip vortex mechanism is a
signature for the onset of strong viscoelastic behaviour.
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Chapter 1
Introduction
1.1 Rheological Properties of Polymeric Liquids
Polymeric liquids are one of the most extensively studied complex fluids due to their
industrial relevance. They are macromolecules with each backbone consisting of one or
more repeating structural units. Their common defining feature is the presence of a meso-
scopic length scale (typically of the order of 10-100 nm), which is responsible for their
characteristic properties. They undergo thermal motions resulting in constantly changing
configurations by rotation around chemical bonds. Block copolymers and micellar solu-
tions often self-assemble into supramolecular ordered structures with molecular weight
of the order of tens to hundreds of thousands g/mol. Bond interactions between these
ordered structures may even lead to the formation of more complex structures with a
higher molecular weight.
In rheological flows, the conformation of the macromolecules, namely their orientation
and degree of stretch, is continuously modified along the streamlines, and their rheological
response is governed by the flow-induced evolution of their microstructure. Their rheolog-
ical behaviour is determined by the coupling between their microstructure and the local
deformation. Due to their mesoscopic length scale the resulting stress on the fluid element
is not just related to the instantaneous deformation rate but to the entire deformation
history with a fading memory. Elasticity is generated by the fluid when the deformation
rate exceeds their characteristic relaxation rate due to thermal motions that restore them
to their equilibrium position.
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The unique properties of polymeric liquids are exploited in many industrial applica-
tions. They are widely used in industrial processes ranging from macro-scale manufactur-
ing processes such as extrusion and blow moulding, to micro-scale technologies such as
micro-injection moulding and fibre-spinning. The most common feature of these materials
that is of engineering interest is the presence of a shear-rate dependent viscosity, which
declines at high deformation rates. Another very important rheological property of these
materials is the presence of normal stresses, which is responsible for their rod-climbing or
Weissenberg effect. They are also characterised by an elongational viscosity that is much
larger than that of a Newtonian fluid, a property which is very useful in fibre spinning
and ink-jet printing.
1.2 Computational Rheology
Computational rheology involves the design, development and implementation of numer-
ical recipes capable of simulating the complex behaviour of non-Newtonian fluid flows.
The scope of the field of computational rheology is usually restricted to materials that
can be classified as viscoelastic fluids [9]. The challenge for computational rheologists is
to develop accurate numerical schemes based on physically-realistic mathematical models
capable of predicting the behaviour of viscoelastic fluids in complex flows. Several years
of research have seen the development of various numerical techniques and constitutive
models based on macroscopic and microscopic approaches. Models based on the macro-
scopic description of a viscoelastic fluid express the stress endured by a fluid element
in terms of the history of the deformation experienced by that element. This is often
called a constitutive equation. Microscopic models, on the other hand, do not furnish a
closed form constitutive equation without recourse to closure approximations. There are
a number of microscopic levels of description of a fluid, namely: kinetic theory, atomistic
modelling (non-equilibrium molecular dynamics), and quantum mechanics [10]. A new
generation hybrid approach, the micro-macro, such as the CONNFFESSIT (Calculation
of Non-Newtonian Flow: Finite Elements and Stochastic Simulation Technique) approach,
couples the microscopic scale of the kinetic theory with the macroscopic scale of contin-
uum mechanics [11, 12]. The polymer stress is computed with a stochastic simulation
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technique and coupled to a macroscopic flow solver for computing the flow fields.
The numerical solution to the macroscopic models governing the flow of a viscoelastic
fluid involves two stages: firstly, the discretization of the governing equations in space (and
time for transient flows) to obtain a set of algebraic equations, and secondly, the resulting
algebraic equations are solved using a suitable numerical algorithm. Numerical schemes
based on classical CFD namely, finite difference, finite elements, finite volume, boundary
integral and spectral methods have been applied with appropriate modifications for vis-
coelastic problems. Such modifications are required because conventional discretization
schemes were orignially developed for solving elliptic equations, whereas the governing
equations for viscoelastic fluids in strong flows may become hyperbolic in nature. Nu-
merical algorithms for solving the algebraic equations arising from the discretization of
the governing equation for viscoelastic flows have also evolved from methods based on
classical CFD.
Keunings [13] stated that a rigorous exercise in computational rheology should involve
a number of steps including: (1) getting the numbers, and (2) checking their numerical
accuracy. Step (1) involves obtaining numerical solutions to the non-linear algebraic
equations at significant values of Weissenberg number Wi, which is a measure of the
elasticity of a viscoelastic fluid. In step (2) the numerical results obtained are critically
evaluated to ensure that they represent sufficiently accurate approximations to the exact
solutions of the governing equations.
The task of “getting the numbers” is beset by the infamous High Wessienberg Number
Problem (HWNP), which manifests itself in benchmark flows as loss of convergence of
numerical algorithms at limiting values of Wi. This problem was first identified in the
mid 1970’s and has been linked with numerical approximation errors [14]. Although, it
might be safe to say that significant progress has been made over the past 30 years on the
HWNP, progress in industrial rheology might have been been seriously slowed down by
the availability of only very few commercial viscoelastic flow solvers. Moreover, without
access to the source codes commercial solvers are highly restrictive in their use.
Traditionally, the accuracy of numerical techniques are often validated through rigor-
ous mesh refinement. These steps of Keunings have been hampered in the past by the
need for expensive mesh refinement and lack of sufficient computer resource to handle the
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resulting calculations.
1.3 The Benchmark Flow Problem
Contraction flows have been used for many years as a test problem in computational
rheology. So far computational rheology has been able to predict some of the phenomena
observed in various flow geometries, including: corner vortex growth and lip-vortex growth
with increasing elastic character of the fluid; effects of concentration and stretching of
polymer chains; effects of the contraction ratio, re-entrant corner curvature, and more
recently, effects of the aspect ratio of the geometry [15] on the non-linear dynamics of
viscoelastic fluids. Despite these achievements, the accuracy of numerical simulations in
predicting complex flow behaviour in this geometry remains very limited.
Using microfluidic geometries, sophisticated experimental techniques in recent times
have exposed more intriguing dynamics of viscoelastic fluids [16, 17, 18, 19]. Due to
the small characteristic length scales associated with these devices, very high deforma-
tion rates can be achieved in them, which can stretch polymer chains by several orders
of magnitude compared with their equilibrium size. The experimental techniques are
readily accessible by low-viscosity elastic fluids and they can explore the rich non-linear
viscoelastic behaviour of dilute polymer solutions in the low to moderate Reynolds num-
ber, Re, and high Weissenberg number, Wi, flow regime. The ratio of the Weissenberg
number to the Reynolds number is referred to as the elasticity number, El = Wi/Re,
thus this flow regime is characterised by high El. New unstable elastic flow phenomena
have been recently observed in this flow regime in both the contraction [16] and cross-
slot [19] flow configurations. These experimental techniques are particularly useful in
microfluidic rheometry [20] and for highly stretching industrial flow applications. Such
flow regimes will prove very valuable for testing both the validity of viscoelastic models
and the robustness of numerical techniques.
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1.4 The Aim of the Present Work
The aim of the present research is to numerically investigate the elastic dynamics of
polymer solutions in complex flows. The work will evaluate the capability of viscoelastic
models to predict observed flow behaviour in the high El flow regime. This work is
part of a combined experimental and computational approach to investigate the non-
linear dynamics of polymer solutions in microfluidics. The ultimate goal of the research
is to develop a better understanding of microfluidic systems for the efficient design and
optimisation of these systems in a wide range of applications.
The failure of numerical simulations to predict the behaviour of polymer solutions in
complex flows is due to the inability of the constitutive model to mimic some important
physics in the flow and/or the breakdown of the numerical techniques at relatively low
Weissenberg number, Wi. In order to achieve the present aim, a numerical technique
based on the finite volume method will be implemented in the OpenFOAM C++ class
library. The robustness of this technique will be evaluated in the contraction benchmark
flow by detailed comparisons with a very stable numerical solver [21]. The coarse-grained
FENE (Finitely Extensible Non-linear Elastic) dumbbell model and the network-theory
based Phan-Thien-Tanner model, which is one of the most advanced macroscopic con-
stitutive models for polymer solutions will be used for this study. The FENE dumbbell
model will be refined to better capture the rheological properties of polymer solutions.
This thesis is organised into three parts. The remainder of Part I consists of the
literature review and theoretical models. Chapter 2 discusses numerical techniques for
viscoelastic flows leading up to the present time, aimed at predicting the behaviour of
polymer solutions and overcoming the challenges of the HWNP. It also reviews viscoelastic
phenomena that are observed for polymer solutions in the benchmark flow, including
the very recent microfluidic experiments mentioned above. In Chapter 3, theoretical
models are presented and the proposed modification to the dumbbell model is described.
Part II consists of the implementation of the present computational technique, which
is discussed in Chapter 4, while the validation of the technique is discussed in Chapter
5. Part III presents numerical simulations of the elastic dynamics of polymer solutions
in the cross-channel and contraction geometries. In Chapter 6, elastic instability in the
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cross-slot is investigated. The constitutive models are compared in the steady symmetric
flow regime and time-dependent stability diagrams are constructed to study the flow
transitions. Chapter 7 presents numerical simulations of elastic flow instability in two-
dimensional contraction flow for the first time. The constitutive models are evaluated in
the high El flow regime by their ability to predict observed flow phenomena. The effects of
the fluid inertia and the contraction ratio of the geometry are also investigated. Chapter 8
contains the three-dimensional simulation of a polymer solution in an 8:1 contraction flow
using the finite element POLYFLOW solver. A systematic study of the effects of varying
the aspect ratio of the channel on the flow fields from a 2-D flow to a strongly 3-D flow
is performed. In Chapter 9, the work is summarised and future work is recommended.
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Chapter 2
Non-Newtonian Dynamics of
Polymer Solutions
2.1 Introduction
Industrial applications of rheological flows abound and there are a wide range of materials
that can be classified as “complex” or “viscoelastic” including polymer solutions, melts,
emulsions, suspensions, and biological fluids [22]. Many processes involving these mate-
rials are characterised by geometries having sharp or slightly rounded corners and often
generate strong inhomogeneous flows, such as in extrusion and ink-jet printing. Under-
standing these flows can be very useful in optimising both the geometric and material
designs in order to increase the production rate of such industrial processes.
Computational rheology has focused on the prediction of the behaviour of viscoelastic
fluids in benchmark flows, which produce similar flow patterns as obtainable in the indus-
trial processes. In these flow configurations, regions of different flow type often co-exist,
including strong shearing flow near the wall, strong extensional flow along the centreline,
and other secondary flows as well as mixed flows. In addition, the pressure drop that is
usually required to drive the fluid through the flow cell is often considerably greater com-
pared to an equivalent Newtonian fluid. This excess pressure drop provides information
about the stretching of polymer molecules, which can be used to quantify the apparent
elongational viscosity of the fluid.
A geometry which is commonly used as a benchmark for studying such flows consists
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of a converging section followed by an expansion section (see Fig. 2.1). In this geometry,
the fluid approaches the contraction region from upstream with an elevated velocity to
conserve mass by continuity, and thus generating a velocity gradient in the flow direc-
tion. This induces a strong extensional flow in the vicinity of the re-entrant corner, which
stretches the polymer molecules as they enter the narrow channel. Immediately down-
stream of the re-entrant corner, the polymer relaxes due to the entropic restoring force
of the chains. Further downstream the memory of the molecules might be completely
eliminated as they enter the downstream diverging section for a relatively long re-entrant
length.
Figure 2.1: A planar contraction-expansion flow cell geometry
The attraction of this geometry is its simplicity and the ease with which it lends itself
to experimental studies, yet it can lead to very interesting flow patterns. It had been
long established as a benchmark geometry for testing numerical codes. However, early
attempts to predict experimental observations in this geometry were largely frustrated
by the presence of singularities at the re-entrant corners, which caused the breakdown of
numerical codes at significant values of Weissenberg number, a situation which is well-
known to rheologists as the High Weissenberg Number Problem (HWNP) [23]. In addition
to this numerical limitation, the predictability of numerical simulations was also greatly
precluded by the inability of constitutive equations to capture the physics of complex
fluids, particularly in the non-linear flow regime. Therefore, the pursuit of computational
rheology has been to develop robust numerical techniques as well as modelling approaches
capable of predicting the behaviour of viscoelastic fluid in such flows. In the sections
following, computational techniques aimed at overcoming the HWNP will be reviewed.
Then the progress made in numerical simulations in predicting viscoelastic phenomena in
the contraction flow will be discussed as well as some recent experimental techniques.
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2.2 Computational Techniques for Viscoelastic Flows
The development of the field of computational rheology has been primarily motivated by
the need to predict experimental observations. A series of detailed experimental studies in
the contraction flow in the late 70’s [24, 25] and in the 80’s [26, 27] were very influential in
some of the early developments in numerical techniques, which were intended to reproduce
the observed flow features. Most of these developments were based on the finite element
method and the efforts were driven towards extending the range of Weissenberg number
over which a converged solution can be obtained. The hyperbolic nature of viscoelastic
constitutive equations, which is complicated by the presence of a singularity in the flow
geometry has been identified as the main cause of the loss of convergence of numerical
schemes.
The numerical work of Marchall and Crochet [28, 29] was one of the early papers that
led the way in developing stable computational techniques for viscoelastic flow problems.
In their first attempt [28], the velocity field was interpolated by new Hermitian shape
functions, which ensured that the stress approximation spaces are able to represent the
velocity field gradient and eliminate spurious oscillations due to steep velocity and stress
gradients that occurs at relatively low Wi, thus increasing the range of Wi over which
a convergent solutions could be obtained. In their second attempt [29], they proposed a
new mixed finite element method, which uses a combination of bilinear sub-elements for
the stress and streamline-upwinding (SU) for the constitutive equation. In this method,
the resulting non-linear algebraic equations, as with most finite element method, is solved
by a fully coupled approach using iterative schemes such as the Newton’s method. The
disadvantage of such a fully coupled approach is the requirement for large data storage and
increased CPU time. Therefore, due to the limitations in computational resource relatively
few computational nodes have been used with the finite element method. A decoupled
approach may also be used with the finite element method based on Picard iteration,
in which the conservation equations and constitutive equation are solved separately with
much cheaper resource usage. In their decoupled finite element method, Fortin and Fortin
[30] used the streamline-upwinding technique and a new upwinding method, namely the
Lesaint-Raviart method to discretise the constitutive equation. The main advantage of
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this method is the reduction in the number of degrees of freedom of some field variables,
which minimised computational cost but the gain in numerical stability was rather modest.
Some of these numerical techniques have been further refined over many years and made
available in the finite element solver, POLYFLOW [31], which has been used extensively
for modelling complex industrial problems involving simultaneous mass and heat transfer
in mixing problems [32], as well as instabilities in extrusion flows [33], and foaming process
[34].
The idea of the streamline upwinding (SU) technique of Marchal and Crochet [29] is to
modify the test functions used in the constitutive equation in order to add some anisotropic
diffusion along the streamlines, which vanishes as the element size reduced to zero. In
this method the test function is only modified for the advective term in the constitutive
equation, which is often referred to as “inconsistent”. The streamline-upwind/Petrov-
Galerkin (SUPG) finite element formulation of Brooks and Hughes [35] is consistent in
the sense that it applies the same test function to every term in the constitutive equation.
Marchal and Crochet showed that SU allowed numerical simulations of the stick-slip
problem up to Deborah numbers as high as 27 whereas the SUPG method results in
spurious numerical oscillations, thus SU technique achieves stability at the expense of
consistency. However, it has been shown that the use of the inconsistent SU method may
degrade numerical accuracy in problems containing singularities and large stress gradients
whereas both high-order of accuracy and stability may be realised using the SUPG method
[36].
Numerical techniques based on other methods for viscoelastic flow problems had also
emerged over the past decade. The finite volume method is particularly attractive be-
cause of the requirement for less computer memory usage compared with the finite element
method. The finite volume method uses iterative schemes rather than direct methods to
solve the set of linear algebraic equations resulting from the discretisation of the govern-
ing equations. The staggered grid finite volume method seemed to be the precursor of
the non-staggered grid arrangement for viscoelastic flow calculations. The non-staggered
grid arrangement requires special techniques, such as the Rhie-Chow interpolation to
resolve the problem of decoupling of the variables. In both methods special discretisa-
tion schemes are required for treating the convection terms in the governing equations.
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Earlier authors studying viscoelastic flows used the staggered grid arrangement and one
of the predictor-corrector family of algorithms with appropriate modifications for vis-
coelastic problems. Some of the earlier finite volume calculations for viscoelastic flows to
appear in the simulation literature are the works of Yoo and Na [37] and Darwish and
Whiteman [38]. Both group of authors used the staggered grid arrangement for the field
variables but the SIMPLE (Semi-Implicit Method for Pressure Linked Equations-Revised)
and PRIME (PRessure Implicit Momentum Explicit) iterative algorithms, respectively.
Yoo and Na [37] discretised the constitutive equations using either central differencing
or upwind differencing whilst Darwish and Whiteman [38] used the third-order accurate
SMART scheme. The high order calculations of Darwish and Whiteman produced better
accuracy compared with the numerical simulations of the other authors but at the cost
of solution convergence.
Sasmal [39] presented a finite volume scheme based on a staggered grid arrangement
using the upwind differencing and the Elastic Viscous Split Stress (EVSS) method to
achieve numerical stability beyond previously reported simulations by finite element cal-
culations. They also implemented a scheme similar in technique to the under-relaxation
scheme for their steady-state problem, which satisfies the condition for convergence by
increasing the diagonal dominance of the discretised constitutive equation. Although
the simulations represent significant progress in developing numerical techniques based
on the finite volume method, their work was mainly hampered by limited computer re-
sources and hence the authors could not thoroughly investigate solution convergence with
mesh refinement.
Some recent contributions in the finite volume method have been based on the collo-
cated grid arrangement, in which all field variables are located at the centre of the control
volumes [21, 40]. The specific advantage of this method over the staggered grid method
lies in the ease with which it can be adapted for complex geometries and boundary con-
ditions [41]. The collocated finite volume method of Oliveira et al. [21] was implemented
using the SIMPLER algorithm, and the second order accurate linear upwind discretisa-
tion scheme for the convection terms in the momentum and constitutive equations. In
their subsequent paper [42] they implemented a grid-adaptable multi-resolution scheme
for general hyperbolic PDEs, which may be combined with a high resolution schemes
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in one-dimension. Later on these authors introduced a new high resolution scheme, CU-
BISTA (the Convergent and Universally Bounded Interpolation Scheme for the Treatment
of Advection) for multi-dimensional viscoelastic problems [43]. Recently, the robustness
of this technique was demonstrated by rigorous mesh refinement in the benchmark flow
[6], which exceeded any previous benchmark results in terms of the range of Wi attained
using similar models and comparable mesh density.
2.2.1 Hybrid Schemes
There are a number of hybrid schemes which have also been very successful in computing
viscoelastic flow problems, such as the hybrid finite volume/element scheme [44, 45, 46],
in which the conservation equations are discretised by finite element method and the finite
volume method is used for the constitutive equation. Other hybrid techniques such as the
semi-Lagrangian finite volume method [47] and the semi-Lagrangian finite element method
[48] have also been implemented, which calculate the velocity by Eulerian method whilst
the stress is treated as a Lagrangian particle. The semi-Lagrangian method is based on a
similar philosophy as another evolving hybrid technique, the micro-macro approach, which
couples the macroscopic conservation equations with either a FokkerPlanck or stochastic
equation for the polymer stress [11, 49]. The polymer stress is calculated by Lagrangian
tracking of either individual dumbbells in solution or their ensemble average. Such a
technique holds prospects for the implementation of more advanced modelling approaches,
such as the unified molecular modelling approach proposed by Shima et al. [50]. The
model is based on the Self-Consistent-Field (SCF) theory and the reptation theory and
can account for the full conformational information of polymer chains interacting through
their potentials. It can be used for modelling both homogeneous and inhomogeneous
polymer systems, such as copolymers and polymer mixtures under strong flow conditions.
2.2.2 Recent Developments Towards Overcoming the HWNP
It had been long established that one of the consequences of using inappropriate nu-
merical schemes for modelling viscoelastic flows is usually a breakdown of the numerical
solution at critical values of Weissenberg number. The HWNP has provoked several in-
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terests in stability analysis of viscoelastic models [51, 52, 36], which associated the cause
of the HWNP to the loss of positive-definitiveness of the conformation tensor as a result
of numerical errors introduced in the discrete approximation of the continuous system.
Such numerical errors deteriorate numerical solutions and they can be exacerbated by the
presence of steep boundary layers or large stress gradients in region of a singularity in
non-smooth computational domains. In principle, these difficulties should be overcome by
either mesh refinement or use of higher-order approximation methods. However, while the
latter only delays the onset of the critical Weissenberg number, the former actually has an
opposite effect because singularity deteriorates the error estimates of an elliptic problem.
Near the corner the error behaves like O(h−s) for some exponent s > 0 for elliptic prob-
lems, where h is the characteristic mesh size [36]. For viscoelastic problems the situation
is worsened by the hyperbolic nature of the governing equations. The characteristics of
hyperbolic partial differential equations are real and correspond to the streamlines, which
implies that errors can be propagated along them [36, 53].
Recently, new techniques have been proposed to overcome the HWNP [54, 55]. One
approach [54] proposed the reformulation of the constitutive equation by taking the log-
arithm of the conformation tensor and re-writing the equations in a (matrix) logarithm
form. This so-called log-conformation approach guarantees the positive-definitiveness of
the conformation tensor and large stress gradients arising around singularities can be
resolved. Calculations obtained by the log-conformation method can reach very high
Weissenberg numbers. The numerical stability of this method has been demonstrated by
some preliminary computational studies [56, 57]. The flow of the Oldroyd-B fluid past a
cylinder was computed by Afonso et al. [57] using this modelling approach in the finite
volume method and the CUBISTA differencing scheme. They reported an improvement
in the critical Weissenberg number by about 90% compared with their previous simu-
lations obtained by traditional method. However, this technique leads to a decrease in
numerical accuracy [58], which is probably due to the effect of the log scaling on numerical
approximations.
In a completely different approach [55], the constitutive equation can be recast, in
terms of certain Lie derivatives, into formulations which closely resembles the symmetric
Riccati differential equations. The idea is to derive a discretisation method that preserves
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the positive-definitiveness of the conformation tensor in going from the continuous to the
discrete level. However, the robustness of this approach in solving practical problems
remains to be demonstrated.
2.3 The Contraction Benchmark Flow
Common flow features that are predicted in the contraction benchmark flow will now
be reviewed with particular focus on the works that were carried out within the past
decade. As noted before, earlier attempts to predict experimentally observed flow features
were frustrated by the HWNP. Purnode and Crochet [59] carried out 2-D numerical
simulations using a single-mode FENE-P model and material functions corresponding
to three different concentrations of PAA solutions of Evans and Walters [60, 61]. Their
computations, although successful in reproducing the essential vortex features observed
by Evans and Walters [60, 61] the three different contraction ratios and three different
PAA concentrations, they did not occur at the same flow rates. This lack of quantitative
agreement was explained by the fact that the computations of Purnode and Crochet [59]
were 2-D whereas there were obviously three-dimensional flow effects in the experiments
of Evans and Walters [61]. Moreover, they explained that the single-mode FENE-P model
used in their simulation may be too simple to fully mimic the complex flow behaviour of
PAA solutions [59].
Xue et al. [62] used an implicit finite volume technique to implement 3D time-
dependent numerical simulations for a UCM (upper convected Maxwell) fluid having
parameters fitted as in the Boger fluids of Walters and Webster [63]. Their simulations
show no corner vortex in planar contraction, which was consistent with experimental ob-
servation. However, their computation predicted a tiny lip vortex at very low Wi, which
grew in size with increasing flow rate, whereas in experimental conditions a lip vortex was
only observed at very high Wi for Boger fluids in planar contraction. This discrepancy
was also attributed to the fact that the UCM model was too simple to predict the precise
physics of Boger fluids at high Wi.
Xue et al. [62, 64, 65] presented time-dependent 3D numerical simulations for the UCM
and PTT fluids in the contraction flow based on an implicit finite volume scheme. These
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calculations generally showed better predictability of experimental observations compared
to previous 2D simulations. They constructed an elasticity number vs Mach number
(El − Ma) diagram for the flow of a specific fluid in a 4:1 contraction, characterizing
vortex mechanisms under the competing influence of elasticity and inertia. The diagram
was, however, based on speculations rather than actual simulation results and was used to
explain the experiments of Evans and Walters [60], which reported that the dominating
vortex mechanism, either the salient corner vortex or the lip vortex mechanism, was
determined by the concentration (or viscosity) of the polymer. At low values of El,
corresponding to low polymer concentration, inertial effects dominated resulting in a lip
vortex mechanism, whereas at high values of El, which described concentrated polymers
or polymer melts, a salient corner mechanism dominated. The diagram also speculated
an unstable flow regime in the high El −Ma flow region.
Oliveira and Pihno [66] numerically studied the 2-D flow through a 4:1 planar con-
traction of the UCM and the simplified PTT fluids using a finite volume method based
on a collocated grid arrangement. Their computation for the UCM model predicted a
lip vortex enhancement mechanism, which is observed for Boger fluids in axisymmetric
contractions [67, 63] and shear-thinning fluids in planar contractions [60]. The appearance
of a lip vortex for the flow of Boger fluids in planar contractions is supported by previous
numerical simulations [62, 68] but it was not observed in experiments. The predicted lip
vortex mechanism for the UCM model was also characterized by a single remaining vortex
not seen in previous numerical simulations. This was explained by the fact that the other
authors did not pursue their calculations up to high enough Weissenberg number where
this feature was predicted. The predicted flow patterns for the simplified PTT fluid were
also consistent with experimental observations.
A hybrid finite volume/finite element method was used by Aboubacar et al. [69, 70]
to study the flow of viscoelastic fluids using the Oldroyd B and the PTT models, in
planar and axisymmetric 4:1 sharp and rounded-corners contractions. Their combined
finite volume/finite element method solves the momentum equations by a finite element
method, whereas the constitutive equation is solved by a finite volume scheme. The pre-
dictions for the Oldroyd-B and the PTT models in the planar sharp-corner contractions
were consistent with the results of previous simulations [62, 66, 68]. In the axisym-
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metric sharp-corner contraction, the Oldroyd-B fluids exhibited vortex enhancement in
agreement with experimental observations for Boger fluids. No lip vortex activity was
predicted for axisymmetric or rounded-corner contractions.
Alves and his co-workers [71, 72, 73, 74] carried out a number of numerical studies on
the UCM, Oldroyd-B and PTT fluids in planar contractions of various contractions ratios
up to 100. They used a finite volume method and the CUBISTA differencing scheme
to represent the stress derivative in the constitutive equation, reporting that the scheme
avoids oscillations of the solution field near sharp stress gradients. The prediction of
the flow patterns for contraction ratios β ≥ 4 showed that vortex enhancement follows
a lip vortex mechanism in agreement with the visualization of Evans and Walters [60].
However, the attempt to use the material functions obtained by fitting the model to
the experimental data in their calculations gave only a semi-quantitative agreement with
experimental measurements.
Recently, Oliveira et al. [75] studied the effects of contraction ratios 2 ≤ β ≤ 100 on
viscoelastic flow through an axisymmetric contraction using the Oldroyd-B and the PTT
models, for a wide range of Wi. The authors constructed vortex pattern maps, with con-
traction ratio and Weissenberg number as independent parameters, which demonstrated
the role of these dimensional groups in controlling vortex growth dynamics and pressure-
drop characteristics. The authors also studied the effect of the extensional parameter of
the PTT model (0 ≤  ≤ 0.5) on the Couette correction. Their results showed that for
small values of , the Couette correction of the PTT model is a monotonic decreasing
function of Wi whilst for high values of  it is a monotonic increasing function.
2.3.1 Some Experimental Studies in Microfluidics
The sudden contraction-expansion microfluidic geometry may be used to generate strong
viscoelastic flows. The geometry is useful for studying flows obtainable in microfluidic
polymer processing applications, such as micro-injection moulding, fibre spinning, and
film blowing, as well as in micro-rheometric devices. In particular, the flow configuration
resembles a number of features in an inkjet printhead where the extensional flow of a
non-Newtonian fluid is manipulated to control the rate at which droplets are formed.
A number of experimental works have been carried out on viscoelastic fluids in such
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geometries [67, 76] mainly using Boger fluids, which are specially prepared such that
their viscosity is high enough to eliminate inertial effect. The justification for studying
such fluids was based on the need to develop robust numerical methods [77]. Boger
fluids are often very dilute solutions and hence they can be described by relatively simple
constitutive equations, thereby eliminating the complexity introduced by complicated
constitutive equations in developing numerical methods for modelling such flows. The
low to moderate Re and high Wi (i.e high El) viscoelastic flow regimes have also been
explored by recent experimental techniques in the literature [16, 78, 79, 80].
Rothstein and McKinley [78] experimentally studied the flow of a dilute monodispersed
PS/PS Boger fluid through a 4:1:4 axisymmertic contraction-expansion geometry for a
wide range of Weissenberg number. Using digital particle image velocimetry (DPIV)
for visualization and velocity field measurements, the authors observed large upstream
growth of the corner vortex with increasing Wi. Their pressure measurements showed a
large extra pressure drop, which they attributed to non-linear hydrodynamic coupling in
the strong inhomogeneous extensional flow near the contraction plane. According to the
authors, this resulted in an additional dissipative contribution to the polymeric stress,
which manifested as the large extra pressure drop. This extra pressure drop was not
previously predicted by numerical simulation. In a separate experiment in axisymmetric
contraction-expansion flow with contraction ratios 2 ≤ β ≤ 8, Rothstein and McKinley
[81] studied the role of transient extensional rheology on vortex growth mechanism. Their
results showed that the role of contraction ratio on vortex growth dynamics may be
rationalized by using a dimensionless ratio of the elastic normal stress difference in steady
shear flow to that in transient uniaxial flow.
Nigen and Walters [79] investigated the vortex behaviour and pressured drop in the
flow of two Boger fluids in both axisymmetric and planar contractions of various con-
traction ratios 2 ≤ β ≤ 32. This experiment demonstrated the surprisingly different
behaviour of Boger fluids in axisymmetric and planar contractions. Large vortices were
observed in the axisymmetric contraction, but virtually none in the planar case. More-
over, in the planar contraction it was impossible to distinguish between Newtonian and
Boger fluids of the same shear viscosity, so far as pressure drop was concerned, whereas
in the axisymmetric case the Boger fluids exhibited an enhanced pressure drop.
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Recently Rodd et al. [16, 80] presented the visualization of some slightly shear-thinning
polymer solutions in the contraction-expansion microfluidic geometry having a contraction
ratio of 16:1. In their first paper [16], the authors reported the flow of dilute to semi-
dilute polymer solutions for a wide range of Wi and for elasticity number ranging between
3.8 ≤ El ≤ 89 for the first time in this flow geometry. This achievement was explained
by the small characteristic length scale of the device. Within this range many interesting
flow regimes were observed as well as significant vortex enhancement of up to 200%. From
their experimental results they presented a Wi−Re operating space diagram representing
the various flow regimes observed. A number of flow regimes were identified including a
Newtonian-like flow at low Wi, steady viscoelastic flow, unsteady asymmetric flow, and
unsteady diverging flow with vortex growth. In their second paper [80], they conducted
similar experiments using dilute polymer solutions with the aim of studying the effect of
the solvent viscosity on the flow patterns, which showed similar flow patterns as obtained
by varying the fluid concentration.
A large number of experiments have also been conducted in our laboratory [82, 83, 84,
85] using microfluidic contraction geometries showing many interesting flow features as
described above, which depicts that these highly non-linear flow behaviours are a result
of the combination of the length scales of the geometry and the high El. Investigations
were also conducted to study the effect of the fluid inertia and the contraction ratio on the
flow patterns. Many of these results showed time-dependent asymmetric vortex structures
at high El, and the tendency of the fluid to remain in that state were opposed by the
influence of increasing fluid inertia or decreasing contraction ratio of the geometry.
2.4 Summary
The development of computational techniques with the aim of overcoming the HWNP en-
countered in viscoelastic flows have been discussed from early developments to the current
state of the research. This subject remains an active area of research in computational
rheology. Numerical simulations and experimental research in the contraction geometry
has also been reviewed. Although numerical simulations have achieved significant success
with regards to the HWNP and in predicting some of the observed flow features in this
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geometry, it is obvious that it has not yet attained its full capability, especially in simulat-
ing features observed in microfluidic flows. Recent experiments show that the physics of
polymer molecules (even in very dilute amount) in microfluidic devices is very rich. Insta-
bility phenomena are readily accessible in these geometries using relatively low-viscosity
polymer solutions due to very high elasticity numbers achievable in them. This opens
up a new research area for computational rheology to explore these flow regimes based
on simple constitutive equations that could capture at least the salient physics of dilute
polymer solutions in flow.
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Chapter 3
Theoretical Models
3.1 Introduction
The starting point of modelling a viscoelastic fluid is to define a suitable constitutive
model that describes the behaviour of the fluid. This may be derived from first principle
based on classical theories such as the polymer network theory. Models may also be
derived less rigorously from existing models based on a simple molecular concept. The
constitutive equation together with the conservation laws for mass and linear momentum
yield a closed set of partial differential equations that can be solved by means of a suitable
grid-based numerical scheme. A viscoelastic fluid may also be described in terms of its
microstructural dynamics based on the molecular theory. In this case, the parameters
appearing in the resulting models have direct physical interpretations with respect to
molecular quantities. In such models a suitable closure approximation is required to
furnish a closed-form constitutive equation which can be solved by conventional CFD
techniques.
3.1.1 Theory of Polymer Models
Although the behaviour of macromolecules in solutions or melts can be quite complicated,
the understanding of these systems has been greatly enhanced by the use of mechanical
models. This is possible because their macroscopic behaviour is dominated by their macro
scale properties due to the large size of macromolecules. Polymer molecules can be ide-
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alised by a system of beads which are joined together by rigid rods or interconnecting
springs subject to Brownian motion and hydrodynamic interactions with neighbouring
molecules. The multiplicity of the interactions between the macromolecules may be sim-
plified by expressing the relationship of the behaviour of a single molecule to the average
behaviour of its neighbours using the idea of a surrounding tube, which was introduced
by de Gennes [86] and formalised mathematically by Doi and Edwards [87]. These inter-
actions may be summed up in a drag tensor, which depends on the position vector of the
molecules and increases with chain length [88].
In dilute solutions the concept is much simpler because the molecules are far apart
and hydrodynamic interaction is restricted to the respective molecules. The polymer
molecules may be described by single-chain dynamics, such as the Rouse chain or the
Rouse-Zimm chain using essentially three model parameters: the number of beads, the
Hookean force constant, and hydrodynamic friction coefficient. The Rouse model has suc-
cessfully predicted some of the linear viscoelastic properties including the zero-shear rate
viscosity and multiple relaxation modes in dilute polymers. Because of the mathematical
complexities of the dynamic equations of the Rouse chain, calculations of the non-linear
rheological behaviour of dilute polymers are often reduced down to just two beads and
an interconnecting spring - the elastic dumbbell. The elastic dumbbell model is probably
the crudest idealisation of polymer molecules, which is capable of predicting their basic
conformational changes such as orientation and stretch. Despite their inherent simplicity
they have proven very useful in developing understanding of the relation between polymer
chain dynamics and rheological phenomena [89].
However, the elastic dumbbell model cannot describe some important non-linear be-
haviour of dilute polymers and the linear spring force law on which it is based has to
be modified to facilitate the prediction of non-linear material functions. The predicting
ability of the model may also be enhanced by introducing the concept of a variable drag
coefficient which depends on the dumbbell end-to-end distance. In this chapter, these
modifications are presented and a further refinement of this model, based on the non-
affine kinematics of polymer solutions, will be described. The Phan-Thien-Tanner model
will also be presented.
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3.2 The Linear Elastic Dumbbell Kinetic Theory
In the dumbbell kinetic theory, polymer chains are represented as beads and interconnect-
ing springs suspended in a Newtonian solvent. Consider 2 beads having position vectors
r1, r2 connected by an entropic spring. Neglecting hydrodynamic interaction we can write
the equation of motion for the beads as the resultant of the spring force, F Si , the drag
force, FDi , and the Brownian force, F
B
i , acting on the ith bead as [36]
mi
d2ri
dt2
= F Si + F
D
i + F
B
i , i = 1, 2, (3.1)
where FDi is defined by Stokes law as
FDi = −ζi
(
dri
dt
− (v0 + (∇v)Tri)
)
(3.2)
v = v0 + (∇v)Tri) is the solvent velocity, mi is mass of the bead, and ζi = 6piηsai is
the hydrodynamic drag coefficient, which depends on the bead dimensions, ai, and the
solvent viscosity, ηs. The Brownian force on the bead may be written in terms of the
configuration distribution function ψ as
FBi = −kT
∂
∂ri
lnψ (3.3)
in which k is a constant and T is the temperature. Taking Q = r2 − r1 as the dumbbell
end-to-end vector, the continuity equation for ψ can be written as
∂ψ
∂t
+
∂
∂Q
· J = 0 (3.4)
which represents the probability balance between ψ and the probability flux vector, J =
Q˙ψ [36].
The Fokker-Planck equation can be obtained by combining Eq. 3.1-3.4 and making the
following assumptions: 1) the acceleration of the beads is negligible 2) the hydrodynamic
drag has no dependence on the orientation of the bead under consideration (i.e. non-
deformable spherical beads), and it can be averaged out as ζ = ζ1 = ζ2. The Fokker-
Planck equation can be written as [89]
∂ψ
∂t
+ ((∇v)TQ) · ∂ψ
∂Q
− 2kT
ζ
∂2ψ
∂Q2
− 2
ζ
∂
∂Q
· (ψF s) = 0 (3.5)
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From Eq. 3.5 the evolution equation for the microstructure may be derived [89]
D
Dt
〈QQ〉 − (∇v)T 〈QQ〉 − 〈QQ〉(∇v) = 4kT
ζ
I − 4
ζ
〈QF s〉 (3.6)
in which 〈·〉 is an ensemble average. Recognising the left hand side as the upper convected
derivative, and using the Hookean spring force law, F s = HQ (where H is the spring
force constant), we have
∇
〈QQ〉 = 4kT
ζ
I − 4H
ζ
〈QQ〉 (3.7)
Defining the conformation tensor A = 〈QQ〉H/kT and simplifying gives
∇
A = −1
λ
(A− I) (3.8)
where λ = ζ/2H is the relaxation time. The extra stress tensor may be recovered from
A by using the Kramers expression,
τ = 2ηsD +
ηp
λ
(A− I) (3.9)
where ηs is the solvent viscosity, ηp = nkTζ/2H is the polymer viscosity, andD is the rate
of deformation tensor, defined by D = 1/2(∇v+(∇v)T ). With appropriate substitutions
using Eq. 3.8 and 3.9 we arrive at the Oldroyd-B constitutive equation [36],
τ + λ
∇
τ = 2η
(
D +
ληs
ηs + ηp
∇
D
)
(3.10)
in which η = ηs + ηp is the zero shear viscosity, and the expression
ληs
ηs+ηp
is often referred
to as the retardation time. (∇) is the upper convected derivative defined for an arbitrary
tensor, A, as follows
∇
A = ∂A
∂t
+ v · ∇A − (∇v)T · A − A · ∇v (3.11)
The extra stress tensor, τ , may be written in terms of the contribution of the Newto-
nian stress tensor, τ s, and the elastic stress tensors, τ p
τ = τ s + τ p (3.12)
in which
τ s = 2ηsD (3.13)
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and
τ p + λ
∇
τ p = 2ηpD (3.14)
The advantage of constitutive equations is their tractability by conventional computa-
tional techniques. Such techniques are desirable because of the mathematical complexities
of viscoelastic problems, which often make them computationally very expensive.
3.3 The FENE-dumbbell Model
The linear elastic dumbbell model is very limited its use because it can only describe
some of the linear viscometric functions of polymer solutions and requires further refine-
ment to improve its predictability. The attractive feature of this model compared with
the macroscopic models such as Oldroyd-B is the important microstructural informa-
tion it contains which is coupled directly with the flow. Although macroscopic models
have proven successful in predicting some of the rheological behaviour of polymeric flu-
ids, essential microscopic physics may be masked by computing the stress directly from
the macroscopic velocity field. Moreover, a model based on the evolution of the mi-
crostructure can provide more direct connection between rheological behaviours and the
microstructural conformation of polymer chains.
3.3.1 Non-linear Spring Force Laws
The finitely extensible non-linear elastic (FENE) dumbbell model was introduced through
the non-linear spring force law, F = f(Q)HQ [90], in which f(Q) = 1/(1 − (Q2/L2)) is
a non-linear function, Q2 = trA is the dumbbell extension, and L is the ratio of the
length of a fully extended dumbbell to its equilibrium configuration. With the closure
approximation due to Peterlin [91], the function f(Q) can be approximated by
〈f(Q)〉 = 1
1− 〈Q2/L2〉 (3.15)
to enable the derivation of the FENE-P constitutive equation that can be written as
∇
A = −1
λ
(〈f(Q)〉A− I) (3.16)
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The Rallison and Chilcott [92] version of the FENE dumbbell model may be derived from
this model by replacing the expression (〈f(Q)〉A−I) in Eq. 3.16 by 〈f(Q)〉(A−I). With
this modification by Rallison and Chilcott the model predicts a constant shear viscosity.
In both models, the finite extensibility of the dumbbell is preserved as well as many other
features. However, the Peterlin approximation does not predict accurately the extensional
viscosity in time-dependent flows [93].
3.3.2 Conformation-Dependent Hydrodynamic Drag
The physical mechanism by which large stresses rapidly build up in dilute polymer so-
lutions have long been of interest to researchers in both theoretical and experimental
rheology [94, 95], and this has led to different concepts of an unravelling polymer chain
(see Fig. 3.1). The physical idea that has been developed to explain this large stress
over the years is that of a bead friction coefficient that depends strongly on the interbead
distance of the dumbbell through a non-linear friction law [1, 96, 97]. This principle of
conformation-dependent hydrodynamic drag assumes that as a chain becomes extended
by the flow, the strength of the hydrodynamic friction on the dumbbell will increase as
a result of the increased size that the flow can grasp. Thus the spring force will increase
rapidly in order to counterbalance the increase in the drag force. In effect, the non-linear
hydrodynamic assumption may be viewed as a direct modification to the linear spring
force law (see Appendix A).
Figure 3.1: Simple models for the unraveling of a single chain [1] (a) knots [2] (b) yo-yo
[3] (c) kink [4]
To incorporate conformation-dependent drag in the FENE model, the friction coeffi-
cient is expressed as a non-linear function of the configuration tensor using a one parameter
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family, h(trA), which may be written in the form [98],
h(trA) = 1− κ+ κ
√
1
2
tr(A) (3.17)
which leads to the following modification to the FENE-CR model
∇
A = − 〈f(Q)〉
λh(tr(A))
(A− I) (3.18)
In this model, κ = 0 corresponds to the constant friction FENE-CR model, κ = 1 to the
FENE-CD model (where CD refers to conformation-dependent) due to Hinch [96] and
de-Gennes [97], and κ = 0.02 to the Larson version of the model [1]. In this form, the
shear and extensional rheology of the FENE-CR model is altered. The FENE-CD model
predicts a shear-thickening behaviour for the shear viscosity and a first normal stress
coefficient which initially grows with shear rate before shear thinning. The elongational
viscosity grows faster compared with the constant friction model, with increasing strength
of the hydrodynamic drag force which is determined by κ.
3.3.3 The FENE-CD-JS Model
Although the FENE-CD model contains an important physical mechanism, it is relatively
crude and requires further refinements. As noted above it predicts a shear-thickening shear
viscosity at low shear rates because of the increase in viscous drag introduced by the non-
linear hydrodynamics. This is clearly an unwanted feature in dilute polymer solutions.
Experimental studies showed that Boger fluids may exhibit shear-thickening behaviour
but only at high shear rates [99]. It is believed that this anomaly in the FENE-CD model
is due to the dumbbell being stretched excessively in simple shear flow, whereas in such
weak flows the polymer chain should only be stretched by a magnitude which is close to
the random coil size (≈ 3) [100]. The second shortcoming of the model is that it predicts a
vanishing second normal stress difference, whereas experimental measurements show that
dilute polymer solutions actually possess a second normal stress difference [101].
The present modification is based on the non-affine deformation of the polymer solu-
tions. Non-affine deformation of polymer chains had been reported in the time-dependent
simulation of a single dumbbell chain in a dilute solution [4]. The evolution of the dumb-
bell with time predicted that the chain initially followed the flow affinely until the onset of
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strong extensional flow, in which they began to slip by about 65%. This modification can
be readily effected in the FENE dumbbell model by replacing the upper-convected time
derivative by the Johnson-Segalman (J-S) derivative [102]. This concept was developed
from the polymer-network theory and it is based on the assumption that junctions within
the network do not follow the imposed macroscopic velocity field exactly [103] in strong
flows. Replacing the upper convected time derive in the FENE-CD model (Eq. 3.18) by
the J-S derivative gives the FENE-CD-JS model,
∇
A+
1
2
ξ(D ·A+A ·D) = − 〈f(Q)〉
λh(tr(A))
(A− I) (3.19)
where ξ is a slip parameter. With this modification, this model now predicts a shear-
thinning shear viscosity and a non-zero second normal stress coefficient. It also represents
a general form of the Chilcott and Rallison version of the FENE dumbbell model and
other forms of the model may be obtained by the choice of model parameters, ξ and κ,
as listed in Table 3.1.
Model parameters Model
ξ = κ = 0 FENE-CR with constant friction coefficient
ξ = 0, κ = 0.02 FENE-CD with Larson friction law
ξ = 0, κ = 1 FENE-CD with Hinch and de Gennes friction law
ξ = 0, 0.02 < κ < 1 FENE-CD with intermediate friction law
0 < ξ ≤ 1, 0.02 ≤ κ ≤ 1 FENE-CD-JS
Table 3.1: The FENE-CD-JS dumbbell model
Fig. 3.2 shows the prediction of the model in simple shear and uniaxial elongational
flows for a range of model parameters. The FENE-CR model is recovered in the limit case
ξ = κ = 0, which predicts a constant shear viscosity and a bounded extensional viscosity
at the same level as FENE-CD (ξ = 0) and FENE-CD-JS (ξ = 0.075) when κ = 0. For the
FENE-CD model, a shear-thickening shear viscosity is predicted but with ξ = 0.075 the
model now becomes shear-thinning at Wi ≈ 1, which is also the onset of shear-thickening
in the original FENE-CD model. The plots also show that for the non-linear drag model
the peak of the elongational viscosity is slightly elevated as κ is increased.
The prediction of the normalised first normal stress difference coefficient is plotted
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Figure 3.2: Profiles of shear viscosity and elongational viscosities of the FENE-CD-JS
model (L2 = 100) in simple shear flow. All the values have been normalised using η0.
On the plot the models represented by ξ = 0, κ = 0 is FENE-CR, and ξ = 0, κ > 0 is
FENE-CD
in Fig. 3.3, the and second normal stress difference coefficient in Fig. 3.4. The model
predicts a ratio of the second normal stress difference to the first normal stress difference
given by N2/N1 = −0.25ξ, which is within the range measured in experiments [101] as
well as that predicted by some phenomenological models such as the Phan-Thien-Tanner
model, which predicts N2/N1 = −0.5ξ, and the Giesekus model, which predicts values
within the range 0 ≤ N2/N1 ≤ −0.5α.
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Figure 3.3: Profiles of the first normal stress coefficient of the FENE-CD-JS model (L2 =
100) in simple shear flow
Figure 3.4: Profiles of the second normal stress coefficient of the FENE-CD-JS model
(L2 = 100) in simple shear flow
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3.4 Differential Viscoelastic Models
The simplest differential constitutive model is the Oldroyd-B model. To account for non-
linear viscoelastic behaviour at high rate of deformation (such as shear-thinning, bounded
extensional viscosity, and non-zero second normal stress difference), additional terms are
incorporated into the differential constitutive equation. A general form of these equations
may be written as
τ p + λ
∇
τ p + f(τ p,D) = 2ηpD (3.20)
in which f(τ p,D) is a function which depends on the stress tensor, τp, and the rate of
deformation tensor, D. The function is defined in Table 3.2 for some constitutive models
which are based on the Oldroyd-B model.
model f(τ p,D) model parameter
Oldroyd-B 0 -
Johnson-Segalman 1
2
ξλ(D · τ p + τ p ·D) ξ
Phan-Thien Tanner Z(Iτp)τ p +
1
2
ξλ(D · τ p + τ p ·D) , ξ
Z(Iτp) =
{ λ
ηp
tr(τp),Linear PTT
exp[ λ
ηp
tr(τp)]−1,Exponential PTT
Table 3.2: A general form for differential constitutive model
3.4.1 The Johnson-Segalman Model
As noted before the Johnson-Segalman model is based on an assumption that relaxes the
affine deformation constraint in polymer networks so that the junctions do not follow the
macroscopic velocity field exactly. It is given by
τ p + λ
∇
τ p +
1
2
ξλ(D · τ p + τ p ·D) = 2ηpD (3.21)
The limiting cases of the model are given as follows. For ξ = 0, the upper convective time
derivative is obtained and the model reverts to Oldroyd-B, for ξ = 2, the lower convected
time derivative is obtained,
4
τ p =
∂τ p
∂t
+ v · ∇τ p +∇v · τ p + τ p · (∇v)T (3.22)
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and for ξ = 1, the co-rotational time derivative is obtained,
o
τ p =
∂τ p
∂t
+ v · ∇τ p +W · τp − τ p ·W (3.23)
3.4.2 The Phan-Thien-Tanner Model
The PTT model adopts the Johnson-Segalman derivative in the Oldroyd-B model as well
as further expressions for the relaxation time, λ, as a function of the invariants for the
stress tensor.
τ p + λ
∇
τ p + Z(Iτp)τ p +
1
2
ξλ(D · τ p + τ p ·D) = 2ηpD (3.24)
where Z(Iτp) is a scalar function which depends on the first invariant of the stress ten-
sor, Iτp . For Z(Iτp) =
λ
ηp
tr(τ p), the Linear PTT model is obtained, when Z(Iτp) =
exp[ λ
ηp
tr(τ p)]− 1, the exponential form of the model is obtained. Strain-hardening of the
model is due to . For the exponential form, the elongational viscosity rises through a
peak and then declines with increasing deformation rate.
3.5 Conclusions
A modification to the dumbbell model has been described based on the non-affine de-
formation of polymer solutions, by replacing the upper convected time derivative in the
dumbbell model by the Johnson-Segalman derivative. The new model, FENE-CD-JS, is a
refined version of the original FENE-CD model, and with this modification it now predicts
a shear-thinning shear viscosity and a non-vanishing second normal stress difference. It
represents a generalised form of the Chilcott and Rallison chain with a non-linear hydro-
dynamic drag coefficient and other variants can be obtained based on the choice of model
parameters. The stabilising effect of shear-thinning introduced by the J-S derivative will
yield more stable numerical simulations compared with the FENE-CD model and hence
a wider range of Wi can be achieved by this approach.
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Chapter 4
Computational Technique
4.1 Introduction
The field operation and manipulation (OpenFOAM) is an open source library [5], which
provides a set of tools and solvers in a modular and extensible fashion for a wide range
of flow applications including aerodynamics and internal combustion engines. Solvers are
either based on the Eulerian simulation technique or the Lagrangian particle tracking
method, which can be built upon and manipulated using top-level syntax. The imple-
mentation of an iterative solution algorithm for viscoelastic flow problems within the
OpenFOAM framework will be discussed in this chapter. The finite volume scheme is
stabilized by the Discrete Elastic Viscous Split Stress (DEVSS) formulation [104] used for
convection-dominated transport of viscoelastic fluids. The discretised systems of algebraic
equations are solved by an iterative scheme based on a predictor-corrector strategy for
transient flow calculations. A time-marching scheme is adopted from the onset because it
closely follows the trajectory of the physical solutions and enhances numerical stability.
Such a transient approach is more appropriate for viscoelastic fluids since they have mem-
ory and are better treated as unsteady initial value problems. Moreover, this approach
is useful because some industrial viscoelastic applications are unsteady in nature with no
real steady-state equilibrium solution.
In Section 4.1.1, an overview of the numerical technique is presented. The discretisa-
tion of the various terms of the governing equations are provided in Section 4.2. Higher
resolution differencing schemes for the treatment of the convection term in the mo-
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mentum and constitutive equations are discussed in Section 4.3. In Section 4.4, the
EVSS/DEVSS stabilisation scheme is presented. Section 4.5 discusses the iterative solu-
tion technique. Section 4.6 describes the finite element discretisation method employed
in the POLYFLOW solver [31].
4.1.1 Discretisation of the Transport Equation
OpenFOAM uses the finite volume method to convert a set of partial differential equa-
tions to ordinary differential equations, which can be approximated using various finite-
difference schemes. Consider an intensive property, ψ. A generic transport equations for
this property may be written as,
∂ρψ
∂t
+∇ · (ρvψ) = ∇ · Γ∇ψ + S(ψ) (4.1)
in which ψ = 1 and S(ψ) = 0 for mass conservation, and ψ = v for momentum conserva-
tion. v is the fluid velocity, ρ is the fluid density and Γ is the diffusivity. The terms in the
transport equation may be identified as follows: ∂ρψ/∂t is the temporal term, v · ∇ρψ
is the convection term, ∇ · Γ∇ψ is the diffusion term, and S(ψ) is the source term.
The non-linearity embodied in such transport equations is the source of hydrodynamic
instability in physically complex flows such as the Rayleigh-Taylor and Kelvin-Helmholtz
instabilities in free surface flow [105]. Due to this non-linearity, appropriate solution tech-
niques are necessary to solve the transport equation. In the finite volume solution strategy
outlined in this chapter, the resulting algebraic equations is linearised by Rhie-Chow in-
terpolation scheme, which fixes the flux of the velocity across the cell faces. An iterative
solution technique is applied by updating the fluxes after each iteration until convergence
is reached. The system of coupled non-linear equations is solved sequentially for each
field variable in a segregated approach, which imitates the staggered grid arrangement to
remove velocity-stress-pressure decoupling [106].
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4.2 Finite Volume Formulation for Spatial Discreti-
sation
Finite volume methods are attractive for viscoelastic flow problems due to the reduced
computational cost and greater numerical stability they offer compared with finite ele-
ment methods. In the collocated grid arrangement, all dependent variables are stored
in the centre of control volume, P . The finite volume discretisation of each term in the
Figure 4.1: Computational cell for finite volume method from [5]
transport equations is formulated by first integrating the term over a control volume, V ,
which ensures the conservation of the physical quantities. Gauss’s theorem is applied to
convert the volume integrals to surface integrals over the cell surface, S, bounding the
volume. The resulting expressions are discretised using appropriate differencing schemes.
In the present implementation, with the exception of the convection terms, the central
differencing scheme (CDS) is used for the rest of the terms in the transport equations.
The convection term requires special interpolation techniques in order to ensure numerical
accuracy and stability, which will be described in Section 4.3. The discretisation of the
momentum and constitutive equations in the present implementation is described below.
The momentum and continuity equations are discretised on a term-by-term basis using
the finite volume method and by applying Gauss’s theorem. The various terms in the
constitutive equation are discretised in a similar manner as described for the momentum
equation. It is only required that the velocity component is replaced by the elastic stress
tensor to obtain the equivalent expressions for the stress. After discretisation, the resulting
linearised expressions relate the cell centre values of the unknown variables to their values
at the neighbouring cells, which can be solved by one of a range of iterative matrix solvers
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including the conjugate and biconjugate gradient methods available in OpenFOAM. The
conjugate gradient method is suited for solving symmetric coefficient matrices such as
those arising from the pressure-correction equation, and the biconjugate gradient method
solves non-symmetric matrices such as those resulting from the discretised momentum
equation and the constitutive equation for the velocity and stress fields, respectively.
Diffusion Term
The diffusion or Laplacian term is discretised as follows∫
V
∇ · (ν∇v)dV =
∫
S
(ν∇v)f · nˆdS =
∑
i
νi∇vf,i · Si (4.2)
where v is the velocity field, ν is the kinematic viscosity, S is the surface area vector
and the subscript f indicates that the term should be evaluated on the cell faces, and
i denotes the cell. In one-dimension the face gradient term (∇v)f · S can be evaluated
between the centre of the cell of interest P and centre of a neighbouring cell N using
(∇v)f · S ≈ vN − vP|d| |S| (4.3)
in which d is the length vector between the cell centres P and N .
Convection Term
The discretisation of the convection term may be written as∫
V
∇ · (ρvU )dV =
∫
S
(ρvU)f · nˆdS =
∑
i
ρivf,iU f,i · Si =
∑
i
Fvf,i (4.4)
in which F = ρφ where ρ is the fluid density, and φ = U f · S is the velocity flux across
the face f defined as the scalar product of the cell face velocity and the cell face normal.
If the velocity field, vf , is interpolated using central differencing in OpenFOAM, which
is second-order accurate but unbounded, it is given by the expression
vf = fxvP + (1− fx)vN (4.5)
in which fx ≡ |fN |/|PN |. |fN | is the distance between f and cell centre N , and |PN | is
the distance between cell centres P and N . Since this differencing scheme is not suitable
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for discretising hyperbolic transport equations, the convection term is often discretised
using the first-order accurate upwind differencing scheme (UDS),
vf =
 vP if F > 0vN if F < 0 (4.6)
The upwind differencing scheme satisfies the boundedness criterion because it leads to
a diagonally dominant system of algebraic equations, which makes it is highly stable.
However, the UDS scheme is only first-order accurate and achieves stability at the expense
of accuracy. More appropriate higher order schemes will be described later.
Gradient Term
The pressure gradient term is discretised as follows∫
V
∇pdV =
∫
S
pfdS =
∑
i
pf,iSi (4.7)
where the face pressure field pf can be evaluated by central differencing as described in
Eq. 4.5.
Divergent Term
In the present implementation, the stress gradient term in the momentum equation is
treated as a source term and it is discretised as follows∫
V
∇ · σdV =
∫
S
σf · nˆdS =
∑
i
σf,i · Si (4.8)
in which σf · S is the stress flux across the face f . The cell-face stress, σf , is evaluated
by central differencing as described in Eq. 4.5.
Temporal Term
The temporal term is integrated over a control volume and evaluated using a suitable
time marching scheme. Explicit discretisation schemes such as the explicit Euler are not
suitable for hyperbolic transport problems as they may cause spatial oscillations whenever
a high-order scheme is used for the spatial discretisation. The first-order accurate implicit
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Euler scheme gives a well-behaved numerical solution,
d
dt
∫
V
vdV ≈ (vPV )
n+1 − (vPV )n
4t (4.9)
The exponent n represent values that are stored from the previous time step, t, and n+ 1
are values that are computed at the present time step, t+4t. The drawback of such first-
order temporal schemes is that they introduce numerical diffusion in the solution. This
could lead to attenuation in the amplitude of travelling waves arising, for instance, from a
transient convection process. Using second-order accurate schemes such as the backward
differencing scheme yields a better numerical accuracy. The backward differencing scheme
is given by
d
dt
∫
V
vdV ≈ 3(vPV )
n+1 − 4(vPV )n + (vPV )n−1
24t (4.10)
In this expression, the exponent n − 1 depicts values that are stored from the previous
time step, t−4t.
4.3 Differencing Schemes for the Convection Term
Although the upwind differencing scheme is highly stable, it is only first-order accurate.
It is highly diffusive and can cause severe numerical diffusion particularly when the flow
direction is skewed relative to the grid lines. For better numerical accuracy high-order
upwind differencing schemes such as LUDS (Linear Upwinding Differencing scheme) or
QUICK (Quadratic Upwind Interpolation for Convection Kinematics) are often used for
the convective fluxes. However, these schemes are only conditionally stable and may suffer
from unboundedness and unphysical oscillations, which causes convergence difficulties
at moderate levels of Weissenberg number. The stability and accuracy issues may be
remedied by using a composite high-order scheme with a boundedness criterion in the
so-called high-resolution schemes. This is achieved by the Normalised Variable Approach
(NVA) [107] and the Convection Boundedness Criterion (CBC) [108] described below.
Using Fig. 4.2, for the variation of a convected variable φ across the face f the
normalised variable is defined as,
φ˜ =
φ− φU
φD − φU (4.11)
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Figure 4.2: Nodal variation of φ in the vicinity of f on a uniform grid
where the subscripts U and D are, relatively to cell C, the upstream and downstream
cells. Any differencing scheme can be written in the form,
φ˜f = f(φ˜C) (4.12)
Following Eq. 4.11 we can define the normalised variables, φ˜C and φ˜f , as follows,
φ˜C =
φC − φU
φD − φU (4.13)
and
φ˜f =
φf − φU
φD − φU (4.14)
The Convective Boundedness Criterion is imposed in order to avoid unphysical oscil-
lations in the solution. The criterion requires that φC is bounded between φU and φD,
i.e. φU ≤ φC ≤ φD (or φU ≥ φC ≥ φD). In terms of normalised variables, the Convective
Boundedness Criterion is equivalently written as 0 ≤ φ˜C ≤ 1, since φ˜C = 0 ⇒ φC = φU
and φ˜C = 1 ⇒ φC = φD. The Convective Boundedness Criterion can be presented in
a Normalised Variable Diagram (NVD) [108] shown in Fig. 4.3 for various differencing
schemes. From the diagram, it can shown that for a uniform grid the various schemes can
be written in terms of the normalised variables as follows
UDS φ˜f = φ˜C (4.15)
CDS φ˜f =
1
2
+
1
2
φ˜C (4.16)
DDS φ˜f = φ˜D (4.17)
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Figure 4.3: Normalised Variable Diagram
LUDS φ˜f =
3
2
φ˜C (4.18)
QUICK φ˜f =
3
8
+
3
4
φ˜C (4.19)
High-resolution schemes can been formulated from the NVD diagram. The MINMOD
scheme of Harten [109], the SMART scheme of Gaskell and Lau [108], and the CUBISTA
(convergent and universally bounded interpolation scheme for the treatment of advection)
scheme of Alves et al. [43] are expressed as follows,
MINMOD: φ˜f =

3
2
φ˜C 0 < φC <
1
2
LUDS
1
2
+ 1
2
φ˜C
1
2
< φC < 1 CDS
φ˜C elsewhere UDS
(4.20)
SMART: φ˜f =

3φ˜C 0 < φC <
1
6
3
8
+ 3
4
φ˜C
1
6
< φC <
5
6
QUICK
1 5
6
< φC < 1 DDS
φ˜C elsewhere UDS
(4.21)
CUBISTA: φ˜f =

7
4
φ˜C 0 < φC <
3
8
3
8
+ 3
4
φ˜C
3
8
≤ φC ≤ 34 QUICK
3
4
+ 1
4
φ˜C
3
4
< φC < 1
φ˜C elsewhere UDS
(4.22)
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The MINMOD scheme combines the second-order accuracy of LUDS with the stabil-
ity of UDS whereas the SMART scheme is at most third-order accurate owing to the
QUICK scheme. The CUBISTA was proposed by Alves et al. [43] by combining the
CBC with the total variable diminishing (TVD) constraint required for explicit transient
calculations to achieve better iterative convergence properties. In the present work, the
MINMOD scheme will be used. The accuracy, boundedness, and stability of this scheme
for solving hyperbolic PDEs in convection-dominated problems have been demonstrated
both in viscoelastic steady-state flows [110] and turbulent flows [111, 112].
4.4 Stabilization Technique
Further numerical stability of the hyperbolic transport problem may be accomplished
by one of the various stabilisation techniques adapted for convection-dominated convec-
tion/diffusion problems. The most robust of these methods, that exploits the elliptic
behaviour of the momentum equation in various ways, is the Elastic-Viscous Split Stress
(EVSS) method [113]. In the EVSS method introduced by Mendelson et al. [114] the
extra-stress tensor in the momentum equation is separated into elastic and viscous com-
ponents, and a purely viscous term is added to the elastic stress τ p. For the Oldroyd-B
fluid the EVSS scheme can be written as follows
Σp = τ p − 2ηpD (4.23)
ρ
(
∂v
∂t
+ (v · ∇)v
)
= −∇p+∇ ·Σp + ηs∇2v (4.24)
Σp + λ
∇
Σp = 2ληp
∇
D (4.25)
where Σp replaces the elastic stress tensor in the new formulation, D =
1
2
(∇v+(∇v)T ) is
the rate of deformation tensor, and ηs and ηp are the solvent and polymer viscosities. Eqs.
4.24 and 4.25 are the momentum and constitutive equations, respectively. The addition
of the purely viscous term has a stabilizing effect on the solution by introducing an elliptic
operator into the momentum equation, thus, effectively increasing the elliptic character
of the governing equations. However, the application of EVSS is somewhat limited to
relatively simple constitutive equations of the Oldroyd-type due to the requirement for
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an explicit change of variable, which was the motivation for the introduction of the dis-
crete EVSS (DEVSS) method by Gue´nette and Fortin [115]. This method requires no
explicit change of variable and no derivative of the rate of deformation tensor to be calcu-
lated. This makes the DEVSS method more attractive for more complicated constitutive
equations such as the integral constitutive equations.
The present implementation of the DEVSS technique is much more straightforward
and it involves the addition of an elliptic contribution to the momentum equation, which
is solved implicitly, and then explicitly subtracting its counterpart in a source term. For
the Oldroyd-B fluid the method may be written as follows,
τ p + λ
∇
τ p = 2ηpD (4.26)
ρ
(
∂v
∂t
+ (v · ∇)v
)
= −∇p+ ηn∇2v +∇ ·Σp (4.27)
where the numerical viscosity factor ηn is often taken equal to the zero shear rate viscosity.
In Eq.4.27, the term ∇ · Σp is given by ∇ · τ p − α∇2v where α is the added artificial
viscosity. This term is treated as a source term and hence it does not contribute to the
coefficient matrix (to which the term α∇2v has been added to improve numerical stability)
resulting from the discretisation of the momentum equation. Noting that Eq.4.27 bears
close resemblance to Eq. 4.25 in the EVSS method discussed earlier it can be seen that
both techniques are equivalent except for the explicit reformation of the constitutive
equation that is required in the EVSS method.
4.5 Iterative Solution Algorithm
The solution strategy involves a modification to the PISO (Pressure-Implicit with Split-
ting of Operators) algorithm [116] by explicitly introducing elastic stress unknowns in the
momentum equation, which requires some additional steps. The elastic stresses are intro-
duced by the constitutive equation, the specific choice of which depends on the fluid. In
order to apply Rhie-Chow interpolation, the momentum equation is expressed as follows
∂v
∂t
+ (v · ∇)v −∇ · (ν∇v)− 1
ρ
∇ ·Σp = −1
ρ
∇p (4.28)
where ν = ηn/ρ, and the stress divergence term has been included in the momentum equa-
tion to provide the needed coupling with the constitutive equation. After discretisation
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this equation may be written as,
Avm
∗
= Hn −∇[pˆ]n (4.29)
in which the term Hn contains the convective and viscous terms as well as the elastic
contribution from the stress components as a source term, and A is the matrix of coeffi-
cients. The (ˆ·) indicates a division by ρ, and [·] denotes numerical approximation of the
corresponding variable. n and m represent the past and present times, respectively, and
the asterisks (*) denotes the predicted value of the variable in the outer iteration [117].
Dividing Eq. 4.29 through by A yields
vm
∗
= Um
∗ − A−1∇[pˆ]n (4.30)
where U = A−1H. In the first step of the iterative procedure the discretised constitutive
equation is solved to provide estimates for the stress field, τmp , for a given initial velocity
field. Using the computed stress field the velocity field is estimated from Eq. 4.30,
initially without the contribution of the pressure gradient term on the right hand side.
The predicted velocity field vm
∗
is not divergence-free as it does not satisfy the continuity
equation. To proceed, the velocity field is corrected by taking the divergence of Eq. 4.30
and enforcing continuity (∇·v = 0) to yield a Poisson equation for the pressure-correction
step,
∇ ·Um∗ = ∇ · (A−1∇[pˆ]m) (4.31)
After solving this equation for pm the divergence-free corrected velocity, vm, is computed
from Eq. 4.30, and the stress field can now be corrected by solving the constitutive
equations again using the divergence-free velocity. The predictor-corrector procedure is
repeated until all equations are satisfied. This completes the solution algorithm. The
iteration process consists of a six-step procedure summarised as follows:
1. For a given velocity field velocity field, vni , solve the constitutive equation implicitly
for the elastic stress components, τmp,i and compute Σ
m
p,i.
2. Using the stress field, Σmp,i, solve the discretised momentum equation without the
contribution of the pressure gradient term to obtain the velocity components vm∗i .
This represents the predictor step for velocity.
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3. Using the predicted velocity Um∗i , solve the pressure-correction equation (4.31) for
the pressure field, pm, which is the predictor step for the pressure.
4. Correct (first corrector step for velocity) the velocity field vmi , by solving for the
velocity field (Eq. 4.30) using the estimated pressure field, pm.
5. Using the corrected velocities, vmi , solve the discretised constitutive equation again
to obtain the corrected stress field.
6. Return to step 1 and repeat the steps 1-5 using vmi , p
m, and τmp as improved
estimates for the solutions at the new time step values vn+1i , p
n+1, and τ n+1p,i , until
all corrections are negligibly small.
7. March to the next time step.
Thus the numerical scheme is implemented as time-dependent from the onset, which has
a favourable impact on the stability of the numerical scheme. The linearised system of
algebraic equations is described in the next section.
4.5.1 The Linear Algebraic System of Equations
The linearised system of equations resulting from the discretisation of the transport equa-
tions may be generally written as
APφP +
∑
N
Alφ
n
l = QP (4.32)
where P denotes the cell centre node and l denotes the node of the neighbouring cells
involved in the finite difference approximations. In matrix form, the summation and
indices can be dropped and the system of linear algebraic equations may be written as
follows
Aφ = Q (4.33)
where φ is the column vector of the dependent variable, Q is the source vector, and A is a
sparse block matrix with diagonally-dominant elements, which can readily be inverted by
any of the iterative decomposition techniques to solve the equation. The iterative solvers
exploit the sparse structure of this matrix, and thus significantly reducing the requirement
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for CPU memory. Depending on the discretisation scheme in Eq. 4.33, the equation may
be written explicitly in terms of the nodes as follows
AWφW + ASφS + APφP + ANφN + AEφE = QP (4.34)
in which W,S,N,E represent the compass notations: west, south, north, east, respec-
tively.

∗ ∗ ∗ · ∗ · · · · · ·
· ∗ ∗ ∗ · ∗ · · · · ·
∗ · ∗ ∗ ∗ · ∗ · · · ·
· ∗ · ∗ ∗ ∗ · ∗ · · ·
AW AS AP AN AE
· · · ∗ · ∗ ∗ ∗ · ∗ ·
· · · · ∗ · ∗ ∗ ∗ · ∗
· · · · · ∗ · ∗ ∗ ∗ ·
· · · · · · ∗ · ∗ ∗ ∗

×

·
φW
·
φS
φP
φN
·
φE
·

=

·
·
·
·
QP
·
·
·
·

(4.35)
This sparse structure of the matrix makes the use of iterative solvers very attrac-
tive because the diagonal dominance guarantees solution convergence. Increased solution
convergence rate can be achieved through matrix preconditioning, and the rate of the
convergence depends on the dispersion of the eigenvalues of the matrix. The conjugate
gradient matrix solver can be used with the incomplete Cholesky decomposition as the
preconditioner for solving the linearised system of equations if the resulting matrix is
symmetric, otherwise a biconjugate gradient method is used.
4.6 Finite Element Method
The finite element method is based on an equivalent weak formulation of the transport
equations. The weak formulation allows the continuity restrictions on the approximation
subspaces to be relaxed using some trial function space V . The problem statement is to
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find the solution u ∈ V of the equation F (u) ≡ Au− f such that
F (u) ≤ F (v), ∀v ∈ V, (4.36)
where F : V → R and v is a basis function. The equivalent weak formulation of the
problem can be written as: Find u ∈ V such that,
a(u, v) = f(v) ∀v ∈ W, (4.37)
where W is the test space. The basis function for W may be chosen from the trial space
V , i.e. W ⊂ V . By choosing an appropriate approximation space V h ⊂ V , Eq. (4.37)
becomes
a(uh, vh) = f(vh) ∀vh ∈ V h (4.38)
Finite element discretisations may be created using the Galerkin method. This method
is well-suited for solving elliptic problems but not for the equations governing the flow of
viscoelastic fluids because of their mixed elliptic-hyperbolic character. Using this method
for discretising the convection term of the constitutive equation often leads to spurious
oscillations. Hence, more appropriate techniques such as the streamline upwind (SU)
and the streamline-upwind Petrov-Galerkin (SUPG) [118] methods are required. These
techniques are based on the modification of the test function in the constitutive equation
by adding anisotropic diffusion along the streamlines, which increases the elliptic character
of the governing equations, thus improving the stability of the problem.
In POLYFLOW, further stability of the numerical scheme may also be achieved by
using the EVSS/DEVSS scheme described previously. The implementation of the dis-
cretisation using a combination of DEVSS and streamline upwinding (SU) method for
the equations governing the flow of an exponential Phan-Thien-Tanner fluid is described
as follows. Let Ω denote the flow domain and Tp, V , P , and Λ the solution spaces of
the elastic stress tensor, velocity field, pressure, and the rate of deformation tensor, with
their corresponding approximating subspaces T hp , V
h, P h, and Λh, respectively, the finite
element discretisation of the governing equations is represented by stating the problem as
follows. Find v ∈ V h, p ∈ P h, τ p ∈ T h, γ˙ ∈ Λh, such that
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∫
Ωh
ψτp
{
τ p,i + λi
∇
τ p,i + exp
[
λi
ηp,i
tr(τ p,i)− 1
]
+ ξiλi
(
4
τ p,i −
∇
τ p,i
)
− ηp,i(∇v +∇vT )
}
dΩh
+
∫
Ωh
(kv · ∇ψτp)(v · ∇τ p,i)dΩh = 0, ∀ψτp ∈ T hp
(4.39)
∫
Ωh
{
∇ψv ·
(
−pI +
∑
i
τp,i + ηn(∇v +∇vT )− ηnγ˙
)
− ρDv
Dt
}
dΩh = 0, ∀ψv ∈ V h
(4.40)
∫
Ωh
ψp(∇ · v)dΩh = 0, ∀ψp ∈ P h (4.41)
∫
Ωh
ψγ˙((∇v +∇vT )− γ˙)dΩh = 0, ∀ψγ˙ ∈ Λh (4.42)
where ηn is a numerical viscosity parameter usually taken equal to the zero-shear-rate
viscosity, and the coefficient k is a parameter associated with directional Pe´clet numbers
[119]. The linear or quadratic shape functions may be used for interpolating the set of
variables v, p, τ p, and the unknown rate of deformation tensor, γ˙. The resulting system
of non-linear algebraic equations is solved by the Newton’s method using either a direct
solver or a hybrid direct/iterative solver.
4.7 Conclusions
A numerical technique has been implemented within the openFOAM library, which uses
the collocated finite volume method to discretise the transport equations. The treatment
of the convection term of the governing equation using a high resolution scheme based
on the Normalised Variable Approach (NVA) and the Convection Boundedness Crite-
rion (CBC), which provide better numerical stability and accuracy for hyperbolic PDE
problems has been described. Further stability can be achieved through stress-splitting
techniques such as the EVSS/DEVSS method, which enhances the elliptic character of
the governing equations. The iterative solution strategy is based on the PISO predictor-
corrector algorithm and Rhie-Chow interpolation scheme, which has been modified in the
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present work for viscoelastic flow calculations. The finite element discretisation scheme
employed in the POLYFLOW solver has also been described.
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Chapter 5
Evaluation of Numerical Technique
in Benchmark Flow
5.1 Introduction
The 4:1 contraction geometry is one of the most studied benchmark problems for vis-
coelastic flows [6, 46, 110, 120, 121]. In the literature, particular attention has been paid
to the prediction of viscoelastic phenomena, accuracy, and stability of numerical codes
using this geometry. Numerical stability is tested through progressive mesh refinement
and convergence of the numerical results. Due to the high stress gradients arising at the
re-entrant corners, a well-refined mesh is required in this region to ensure the numerical
solution is accurate. Unfortunately, most calculations in the 4:1 contraction have used
relatively small computational meshes. Probably, the only exception to this is the sim-
ulation of Alves et al. [6]. The paper was motivated by the need to provide accurate
quantitative data for the 4:1 contraction benchmark flow using a finite volume method
and their CUBISTA differencing scheme.
In this chapter, the present numerical technique will be evaluated by detailed com-
parison with the results of Alves et al. using the Oldroyd-B model and the linear Phan-
Thien-Tanner model. The Oldroyd-B model is well-known for its convergence difficulties
which causes early breakdown of numerical algorithms. The meshes used in the present
simulations are of similar order of refinement as those reported by Alves et al. [6].
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5.2 Geometry and Computational Meshes
A schematic diagram of the computational geometry is provided in Fig. 5.1 showing one-
half of the full 2-D geometry with a symmetry axis along the centreline, y = 0, and other
relevant features. The contraction ratio is given by the ratio of the width of the upstream
channel to that of the downstream channel, wu/wc. The parameter χL is the length
of the corner vortex measured downstream from the re-entrant corner nomalised by the
characteristic length, wc, of the channel. In order to allow for complete flow development
along the channels, the length of the upstream channel is made equal to 80wc while that
of the downstream is 100wc.
Figure 5.1: A schematic diagram of a 4:1 planar contraction geometry
Four progressively refined orthogonal meshes, shown in Fig. 5.2, have been designed
for the present study. The meshes are graded along the channel and well-refined in the
vicinity of the re-entrant corner in order to resolve the high stress gradients that occur in
the region. Finer details of the refinement around the re-entrant corner are revealed by
the zoomed view shown in the figure. The characteristics of the meshes are provided in
Table 5.1.
In the simulations, the creeping flow condition (Re = 0) will be assumed by setting
the inertial term in the momentum equation to zero in order to facilitate comparison with
the literature results. The ratio of the solvent viscosity to the total viscosity is set to the
commonly used value of ηs/η = 1/9. The Weissenberg number, Wi, is defined in terms
of the fluid properties and the parameters of the downstream channel as follows, Wi =
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Mesh NC 4xmin/wc
M1 7200 0.02
M2 14230 0.014
M3 27800 0.01
M4 55475 0.007
Table 5.1: Mesh information. NC: number of cells; 4xmin = 4ymin: cell spacing
λU/wc, where U is the mean velocity in the downstream channel, and λ the relaxation
time of the fluid. The Couette correction coefficient is given by C = 4pext/2τw, in which
4pext is the excess pressure drop, which is given by 4pext = 4p−4pFD, where 4p is the
total pressure drop, and4pFD = 4pupstream+4pdownstream is the sum of the pressure drop
calculated for fully developed flow in the upstream and downstream channels. The total
pressure drop, 4p, is measured between the inlet of the upstream channel and the exit
of the downstream channel. For the finite volume calculations, the boundary conditions
are described as follows. At the inlet boundary a Dirichlet condition is applied for the
velocities, the stress is set to zero, and a homogeneous Neumann condition is applied for
the pressure field. A homogeneous Neumann condition is prescribed for the velocity and
stress fields at the outlet boundary, while a vanishing pressure is prescribed at the outlet
boundary. A no-slip condition is prescribed along the walls and a symmetry conditions is
specified along the symmetry axis.
5.3 The Oldroyd-B Fluid
To illustrate the influence of the differencing scheme on numerical accuracy the results
of the first-order accurate UDS scheme is compared with the MINMOD scheme in Fig.
5.3. The simulations show marked qualitative differences in the results obtained using
the different schemes. In the flow patterns obtained by the MINMOD scheme, the corner
and lip vortices are small and distinct, whereas the UDS results are less accurate and
very diffusive leading to the prediction of larger vortices even in the well-refined mesh,
M4. However, the accuracy of the numerical scheme is significantly enhanced particularly
in mesh M4, in which the lip and corner vortices are almost distinct. The flow patterns
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Figure 5.2: Computational meshes showing closer view of the re-entrant corner (a) M1
(b) M2 (c) M3 (c) M4
predicted by the MINMOD scheme show a better convergence of the vortex size with mesh
refinement. These results demonstrate the better numerical accuracy of the higher-order
MINMOD schemes. In the rest of the chapter, the accuracy of numerical solutions using
the MINMOD scheme will be demonstrated by comparison with the results of Alves et
al. [6], which were carried out using their high-resolution CUBISTA differencing scheme.
In Fig. 5.4 the effects of increasing Wi on the flow patterns for the Oldroyd-B fluid
is presented. The results show a diminishing corner vortex and the appearance and
enhancement of a tiny lip vortex as Wi is increased. A magnified view of the lip vortices
is provided in Fig. 5.5. A minute lip vortex is barely visible at Wi = 1.0 very close to the
re-entrant corner and it grows in size as Wi is increased. This behaviour is in agreement
with the results of Alves et al. [6], which clearly predicts the shrinking of the corner
vortex up to Wi ≈ 3 and the appearance of a lip vortex at Wi ≈ 1.0.
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Figure 5.3: Streamlines for the Oldroyd-B fluid showing both effects of mesh refinement
and differencing scheme for Wi = 3. (a) UDS scheme (b) MINMOD scheme
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Figure 5.4: Streamlines for the Oldroyd-B fluid showing the effect of increasing Weis-
senberg number on flow pattern (Mesh M4)
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Figure 5.5: Flow patterns near the entrant corner showing lip vortices for the Oldroyd-B
fluid (Mesh M4)
Quantitative comparison with the benchmark data provided by Alves et al. is pre-
sented in Table 5.2, comparing the following results: the dimensionless vortex size, χL ,
Couette correction coefficient, C, maximum value of the normal stress component along
the centreline of the channel, τxx,max, nomalised by 3Uη/wc, and maximum value of axial
velocity along the centreline of the channel, umax, nomalised by U . It may be seen from
the table that the present simulations show good agreement with those of Alves et al.
Corresponding plots of χL and C are provided in Fig. 5.6 and 5.7 for the three finer
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meshes M2, M3, and M4, together with the results for mesh M6 of Alves et al. for
comparison. As shown in Fig. 5.6, majority of the points are within very close range
Figure 5.6: Effect of Weissenberg number on dimensionless vortex size, χL, for the
Oldroyd-B fluid
with those of Alves et al., especially for mesh M4 except for higher values of Wi where
slight deviations are noticeable. This is due to the better accuracy achieved by their mesh
M6 (NC = 169392), which is much finer than mesh M4 (NC = 55475) in the present
work.
The results of the Couette correction, C, in Fig. 5.7 show better agreement with those
of Alves et al. for all three meshes (M2, M3, M4) and for the range of Wi examined. This
result is indicative of a lesser sensitivity to mesh refinement for the Couette correction
compared with the vortex size, χL. The straight line plot passing through the points is
calculated from the correlation C = 0.4281− 0.9665Wi obtained by linear regression for
Wi ≥ 1 [6]. At low Wi, this value slightly deviates from a straight line. Negative values
and linear variation of the Couette correction with Weissenberg number in the 4:1 planar
74
5.3. THE OLDROYD-B FLUID
Figure 5.7: Effect of Weissenberg number on Couette correction, C, for the Oldroyd-B
fluid
contraction is commonly observed for the upper convected Maxwell (UCM) and Oldroyd-
B models in the literature [46, 121]. This is, however, in contrast to the values reported
in experiments using Boger fluids, which have been largely been positive or at least barely
distinguishable from that of corresponding Newtonian liquids with similar viscosity [122].
Therefore, the negative Couette correction predicted by this model suggests that the model
cannot mimic some important rheological behaviours of Boger fluids in the non-linear flow
regime.
The convergence of the predicted corner vortex size with mesh refinement is further
demonstrated in Fig. 5.8. The plots show the vortex predicted by the meshes, M2-M4,
as symbols and the line of best fit of Alves et al. obtained by curve-fitting through the
minimum mesh spacing, 4xmin, for their finest meshes at Wi = 2.5. The quadratic
convergence indicated by the exponent of 4xmin in the expression validates the second-
order accuracy of the numerical scheme used in this present work and the asymptotic
behaviour of the dimensionless corner vortex as 4xmin → 0.
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Figure 5.8: Convergence of dimensionless vortex size with mesh refinement for the
Oldroyd-B fluid at Wi = 2.5
The asymptotic behaviour of the stress and velocity fields in the vicinity of the re-
entrant corner are plotted in Figs. 5.9 and 5.10. Theoretical analysis [123] and numerical
studies [46, 121, 6] have shown that near the re-entrant corner, for the Oldroyd-B fluid,
the velocity component vanishes according to u ∝ r5/9 and v ∝ r3/4, and all the stress
components go to infinity according to τi,j ∝ r−2/3 for θ = 90o, i.e when r is measured
cross-stream from the corner. The polar co-ordinate (r, θ) is centered at the corner as
defined in Fig. 5.1. The figures show the log-log plots of nomalised values evaluated at
a relatively low Weissenberg number, Wi = 1.0, in order to avoid significant lip vortex
activity which may violate the assumptions of the asymptotic behaviour proposed by
Hinch [123]. The plots validate the slopes 5/9 and 3/4 for the velocities, and -2/3 for
stresses as the corner is approached. Away from the corner, i.e. as the wall is approached,
the agreement is poor, as expected, since Hinch’s theory is only valid in the re-entrant
corner region.
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Figure 5.9: Asymptotic behaviour of the velocity fields near the re-entrant corner for the
Oldroyd-B fluid at Wi = 1, plotted along the line θ = 90o. u and v are the horizontal
and vertical velocity components respectively.
Wi χL χ
a
L C C
a τxx,max
(3Uη/wc)
τaxx,max
(3Uη/wc)
umax/U u
a
max/U
0.5 1.454 1.452 -0.039 -0.036 0.461 0.461 1.510 1.511
1.0 1.377 1.373 -0.522 -0.505 0.545 0.544 1.526 1.525
1.5 1.285 1.279 -1.00 -0.995 0.597 0.589 1.542 1.537
2.0 1.189 1.181 -1.490 -1.492 0.624 0.612 1.557 1.546
2.5 1.088 1.077 -1.980 -1.996 0.643 0.623 1.572 1.554
3.0 0.989 0.973 -2.473 -2.501 0.654 0.638 1.587 1.562
Table 5.2: Results for the Oldroyd-B fluid based on Mesh M4. aAlves et al. [6]
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Figure 5.10: Asymptotic behaviour of the stress fields near the re-entrant corner for the
Oldroyd-B fluid at Wi = 1, plotted along the line θ = 90o. τxx and τyy are the horizontal
and vertical normal stress components respectively.
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5.4 The Linear Phan-Thien-Tanner Fluid
Results are now presented for the L-PTT model using the parameters  = 0.25 and ξ = 0,
which are standard values in the literature for the study of the contraction benchmark
flow [46, 121, 6]. With these parameters the model predicts a shear-thinning behaviour
for both the shear viscosity and first normal stress difference coefficient. For the purpose
of comparison with benchmark data a number of calculations have been performed in
the Weissenberg number range, 0.1 − 100. The full set of data is provided in Table 5.3
Figure 5.11: Streamlines for the L-PTT fluid showing the effect of increasing Weissenberg
number on flow pattern (Mesh M4)
against corresponding benchmark results [6]. The flow patterns are presented in Fig. 5.11.
This trend in vortex growth is remarkably different from those of the Oldroyd-B fluid. In
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contrast to the result of the Oldroyd-B fluid, no lip vortex is predicted near the re-entrant
corner and instead of shrinking, the vortex size is significantly enhanced with Wi. This
is in good agreement with the results of Alves et al. [6]. In Fig. 5.12, the size of the
dimensionless vortex is plotted against Wi. This plot replicates quantitatively and shows
more clearly the trend depicted by the flow patterns in Fig. 5.11. An initial steep rise in
the vortex size is seen at Wi = 1, which becomes saturated asymptotically afterwards at
higher Wi.
Figure 5.12: Effect of Weissenberg number on dimensionless vortex size, χL, for the L-PTT
fluid
The plots of dimensionless pressure drop for the three finer meshes (M2-M4) provided
in Fig. 5.13 also show good agreement with the results of Alves et al. computed by their
finest mesh (M6). Contrary to the results of the Oldroyd-B fluid, the Couette correction
for the L-PTT fluid shows a non-linear decline initially with Weissenberg number, then
goes through a minimum into negative values, and eventually tends towards positive
values at higher Wi. The positiveness of C indicates that the L-PTT model is at least
capable of predicting some of the behaviour of polymer solutions in complex flows better
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than the Oldroyd-B model. This is not unexpected as the Oldroyd-B model is known
to posses an unrealistic elongational viscosity at Wi ≥ 0.5, which might be responsible
for its poor prediction of the Couette correction. The L-PTT model, on the other hand,
possesses an elongational viscosity that remains bounded at high Wi.
Figure 5.13: Effect of Weissenberg number on Couette correction, C, for the L-PTT fluid
In Figs. 5.14 and 5.15, profiles of normalised axial velocity and stress components
along the centreline, y = 0, are presented to show the effect of increasing Wi. In Fig.
5.14, the inset shows the plot in closer range near the re-entrant corner to accentuate
the behaviour of the velocities in that region. The trend shows an increasing streamwise
velocity with elasticity. The plots also show identical characteristics with similar plots
obtained by Alves et al. [6]. The maximum velocities are predicted just inside the
downstream channel, which indicates the position of highest strain along the centreline.
Immediately downstream, this maximum strain is not sustainable by the shear-dominated
flow and the polymer relaxes relatively quickly after a distance of about 6 widths of the
downstream channel. The length of channel required for the relaxation process after the
stretching of the polymer increases with Weissenberg number, which may be determined
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by evaluating the axial velocity gradient, du/dx, along the centreline of the downstream
channel. The profile of normal stress component in Fig. 5.15 also resembles similar
Figure 5.14: Profile of axial velocity component along centreline (y = 0) for the L-PTT
( = 0.25, ξ = 0) fluid
plots in the results reported in the literature [6]. In these plots, it might seem contrary
to expectations that the maximum stress decreases with increasing Wi. As noted in
the literature [6], this behaviour is due to the effect of shear-thinning at high Wi not
accounted for by the constant scaling factor τw0 = 3Uη0/wc. It is also noticeable that the
position of the maximum stress is shifted downstream as Wi is increased.
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Figure 5.15: Profile of normal stress component, τxx, along centreline (y = 0) for the
L-PTT ( = 0.25, ξ = 0) fluid
Wi χL χ
a
L C C
a τxx,max
(3Uη/wc)
τaxx,max
(3Uη/wc)
umax/U u
a
max/U
0.1 1.500 1.500 0.317 0.3092 0.354 0.349 1.495 1.495
0.2 1.502 1.501 0.265 0.2581 0.374 0.368 1.484 1.484
0.5 1.508 1.506 0.171 0.1672 0.399 0.399 1.464 1.465
1.0 1.545 1.542 0.098 0.0951 0.414 0.415 1.467 1.468
5.0 1.902 1.898 -0.060 -0.0551 0.341 0.340 1.511 1.512
10.0 2.137 2131 -0.111 -0.1113 0.266 0.264 1.530 1.531
20.0 2.328 2.321 -0.146 -0.1460 0.185 0.183 1.542 1.542
50.0 2.501 2.493 -0.143 -0.1444 0.099 0.092 1.545 1.544
100.0 2.581 2.570 -0.091 -0.0917 0.051 0.048 1.543 1.540
Table 5.3: Results for the L-PTT fluid based on Mesh M4. aAlves et al. [6]
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5.5 Conclusions
In this chapter, the present numerical technique has been evaluated by performing finite
volume calculations for the flow of the Oldroyd-B and L-PTT fluids in the 4:1 contraction
flow. The simulations were validated against reliable benchmark data of Alves et al. [6]
obtained using well-refined meshes based on a very stable numerical technique. The results
have shown that the second-order accurate MINMOD differencing scheme used in this
work is in fair agreement with the third-order accurate CUBISTA scheme used in the work
of Alves et al. For both models, quantitative comparisons were made for dimensionless
vortex size, χL , Couette correction coefficient, C, maximum value of the normal stress
component along the centreline of the channel, τxx,max, and maximum value of axial
velocity along the centreline of the channel, umax. The second-order accuracy of the
present numerical scheme was validated by the quadratic convergence of the dimensionless
vortex size with mesh refinement. The asymptotic behaviour of the stress and velocity
fields in the vicinity of the re-entrant corner were also quantified and compared with
numerical and theoretical predictions. The stability of the present numerical scheme is
also demonstrated by the high values of Wi attained with the level of mesh refinement
used in this work.
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Chapter 6
Elastic Instability of Extensional
Flow in Cross-slots
6.1 Introduction
The cross-slot geometry is very useful for rigorous validation of constitutive equations
because the strains generated in it can reach much higher values in comparison to the
contraction geometry. The defining feature of this device is the presence of an interior
stagnation point, and fluid elements entering this region may become fully stretched by
prolonged exposure to a well-defined extensional strain. The cross-slot geometry was
designed with the aim of stretching polymer chains to the limit by extensional flows.
de Gennes and a group of researchers at the H.H. Wills Physics Laboratory, Bristol
pioneered many of the works on polymer chain stretching in the cross-slot [124]. This
geometry originated from the four roll mill device, which was later modified to the six roll
mill and the opposed jet apparatus in order to achieve higher strain rates. The devices
are characterised by inhomogeneous extensional deformation along the outflow symmetry
axis close to the stagnation point, which significantly stretches the polymer molecules in
this region.
Experimental studies in such extensional flow devices have shown that the stretching
of dilute polymer solutions can generate very large stresses [125, 126]. This so-called extra
dissipative stress could not be predicted by simple FENE dumbbell models [126]. The
physical mechanism by which it occurs has long been of interest to experimentalists be-
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cause of the hysteretic behaviour of dilute polymer solutions during relaxation following an
extensional flow. Theoretical and numerical evidences have associated this phenomenon
with the non-linear hydrodynamic coupling between the evolution of the dumbbell and
the applied macroscopic flow field [97, 127, 100].
Elastic flow instability is of interest in rheometric flow devices because of the desta-
bilising effect they have on them [125]. The study of this phenomenon in microfluidic
cross-slot flows is only a recent research activity [19, 128] and very little is known about
its origin and nature. Arratia et al. [19] reported two instability modes for the flow
of a dilute polymer solution in a cross-slot microchannel. In the first instability, the
flow becomes asymmetric but remains steady above a critical Wi. This was followed by
a supercritical transition into a time-dependent bistable flow characterised by velocity
fluctuations.
The flow regimes described above have been predicted recently by numerical simula-
tions using constant drag models [129, 130]. In this chapter, simulations will be presented
for the Phan-Thien-Tanner model as well as the constant drag and the non-linear drag
FENE dumbbell models. For the non-linear drag, the FENE-CD-JS model described in
this thesis (see Chapter 3) will be used with the Larson’s friction law [1]. The model
parameters, the geometry and boundary conditions as well as the results of the mesh
validation will be presented in Section 6.2. In Section 6.3, the models will be compared
by their predictions in symmetric flow, and in Section 6.4, the time-dependent behaviour
of the models will be discussed using stability diagrams.
6.2 Model Prediction and Geometry
Fig. 6.1 shows the prediction of the models, L-PTT(ξ = 0), FENE-CR (ξ = κ = 0), and
FENE-CD-JS (ξ > 0, κ = 0.002) for selected parameter space in homogeneous shear and
planar extension. The FENE-CD-JS model is used with Larson’s friction law, κ = 0.02.
For FENE-CD-JS and L-PTT, the value of ξ is chosen in order to eliminate the effect of
shear-thinning (or shear-thickening) and allow for comparison of results between models.
The selected material functions will also enable comparison with the literature results
[130], which are also based on these values. As may be seen from the figure, the L-PTT
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model predicts some shear-thinning even for a value of ξ = 0 because the shear-thinning
behaviour of the model is loosely coupled with its extensional component through . The
elongational viscosity of the models is controlled by the non-linear parameter, , for the
L-PTT model, and L for the FENE dumbbell models. In the FENE-CD-JS model there is
also a contribution from κ, which is only noticeable in the plot for the higher extensibility
parameter, L2 = 100. The prediction of the extensional viscosity by the three models
are very similar, which is more important than their shear rheology in the present study.
Elastic instability in the cross-slot is usually predicted at very low Wi [129], and hence the
stabilising effect of shear-thinning is not of significant importance. However, in the FENE-
CD-JS model, this parameter is necessary to eliminate the unwanted shear-thickening
behaviour of the original model and to predict realistic first and second normal stress
differences as discussed in Chapter 3. In the contraction flow, the stabilising effect of ξ
on the FENE-CD-JS model is extremely important in order to enable calculations up to
high Wi because of the comparably low deformation rates achievable in such a geometry
(see Chapter 7).
Figure 6.1: Normalised shear and elongational viscosities for the L-PTT ( ), FENE-
CR ( . . . ), and FENE-CD-JS ( ) models. All values have been normalised by the
corresponding values at limiting zero-deformation rate.
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The two corresponding sets of the extensibility parameters represented in the plots
will be used for this study. As shown by the plots of the elongational viscosities the set of
corresponding parameters are ( = 0.02, L2 = 50 ) and ( = 0.01, L2 = 100) for the L-PTT
and FENE dumbbell models. For the purpose of this study, these sets of parameters will
be referred to as E1 and E2, respectively.
The geometry of the cross-slot device is shown in Fig. 6.2. It consists of two inlet
and two outlet channels. The channel lengths are chosen to be 10 channel widths (i.e.
10d) to allow for complete flow development in the inlet arms and its re-development
in the outlets. To quantify elasticity the Weissenberg number is defined as Wi = λU/d,
Figure 6.2: The schematics of the cross-slot geometry showing the inflow and outflow lines
of symmetry represented by the horizontal and vertical centrelines.
where U is the mean velocity in the flow. The simulations are implemented using pressure
driven boundary condition. The same pressure gradient is applied across one inlet and
one outlet boundary by specifying the pressure at the inlet and zero pressure at the outlet.
A homogeneous Neumann condition is prescribed for the velocity and stress fields at both
the inlet and outlet boundaries. A no-slip condition is prescribed along the walls. In
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all the simulations inertia is neglected and the ratio of the solvent viscosity to the total
viscosity is set to ηs/η = 1/9.
The results of the stress fields are reported through the flow induced birefringence
(FIB), which is related to the stress tensor by the stress-optical rule given by 4n =
Co
√
N21 + 4τ
2
xy, where the expression, PSD =
√
N21 + 4τ
2
xy, is the principal stress dif-
ference, and Co, the stress optical coefficient, is a function of the solvent. FIB gives
information about the deformation of the polymer providing the stress-optical rule holds.
For the strong extensional flow region along the symmetry line the PSD is given by the
first normal stress difference, N1, in the pure shear flow region near the wall, it is given
by the twice the wall shear stress, 2τxy, and elsewhere by a contribution from both N1
and 2τxy.
The mesh density dependence of the solution is investigated using meshes M1 and
M2 shown in Figs. 6.3 and 6.4. The number of cells for M1 and M2 are 17,500 and
43,125, and their minimum dimensions are given by 4xmin/d = 4ymin/d = 0.02 and
0.0133, respectively. The meshes are more refined in the region of the stagnation point
and around the corners as shown in the magnified view. Figs. 6.5 and 6.6 show the
profiles of normalised velocity magnitude and PSD along the outflow symmetry axis of
the channel for L-PTT at Wi = 1. The distance along the channel is normalised by the
channel width, d, the velocity is normalised by the mean value, U , and the PSD by the
viscous stress component, 2Uη/d. The results show that the profiles of the velocity and
stress fields for the two meshes are in close match. The numerical results presented in the
remainder of this chapter have been computed using Mesh M1.
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Figure 6.3: 2-D mesh for the cross-slot geometry, Mesh M1
Figure 6.4: 2-D mesh for the cross-slot geometry, Mesh M2
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Figure 6.5: Profiles of normalised velocity magnitude along the symmetry line of outlet
channel (x=0) for L-PTT, Wi = 1
Figure 6.6: Profiles of normalised PSD along the symmetry line of outlet channel (x=0)
for L-PTT, Wi = 1
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6.3 Symmetric Flow
Firstly, the prediction of the models in the symmetric flow regime will be studied. Due to
the effect of non-linear drag, the FENE-CD-JS model behaves very differently from the
L-PTT and FENE-CR models in this regime. In order to make comparison between the
models in the symmetric flow regime, a value of Wi = 0.2 has been selected at which a
symmetric flow pattern may be obtained for all three models (see stability diagrams in
Section 6.4).
In Figs. 6.7 and 6.8, the contour plots of the PSD at Wi = 0.2 for the three models
are compared for matching peak elongational viscosities in the homogeneous flow. The
extensional viscosity of the models can be approximately correlated with the molecular
weight, Mw, of the polymer by a simple scaling, M
1/2
w . In Fig. 6.7, the results show that
the FENE-CD-JS model predicts a much more extended PSD than the other models for
the extensibility parameter, E1, due to the effect of the non-linear drag on the model.
This behaviour is typical of the conformation-depended drag model and it is said to be
responsible for the long birefringent strands that has been observed for dilute polymer
solutions in the cross-slot [131].
Figure 6.7: Contour plot of PSD, normalised by the viscous stress component, 2Uη/d,
at Wi = 0.2 for the extensibility parameter E1, (a) L-PTT ( = 0.02), (b) FENE-CR
(L2 = 50), and (c) FENE-CD-JS (L2 = 50).
In the non-linear drag model, the dumbbell spring is rapidly stretched by the flow
due to the increased drag force generating a longer birefringent strand compared with
the constant drag models. By contrast, the constant drag models are only extended by a
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Figure 6.8: Contour plot of PSD, normalised by the viscous stress component, 2Uη/d,
at Wi = 0.2 for the extensibility parameter E2 (a) L-PTT ( = 0.01), (b) FENE-CR
(L2 = 100), and (c) FENE-CD-JS (L2 = 100).
relatively small amount by the velocity gradients along the centreline. The effect of drag
on ultradilute polymer solutions have been demonstrated by the buckling of birefringent
strands in a microfluidic cross-slot [128], which was due to the strands being highly elastic
in nature, were slow to relax following a rapid extension. This slow relaxation process may
be explained as the effect of the friction grip on the polymer molecules due to the large
size that the flow can grasp in the stretched molecules. The stretching of the dumbbell in
the FENE-CD-JS model is governed by both the extensibility parameter, L, and the drag
coefficient, κ. In Fig. 6.8, the effect of a longer molecular chain on the PSD is illustrated
by the extensibility parameter, E2. The result shows a larger extension for the models,
which is significantly greater and broader for FENE-CD-JS. Thus, E2 effectively increases
the length and width of the PSD strand.
These results are reflected in the profiles of the PSD and the velocity along the sym-
metry line of the outlet channel in Fig. 6.9-6.12. It is noticeable from the plots in Fig.
6.9 that the L-PTT and FENE-CR models predict a similar magnitude of PSD, while
L-PTT is slightly greater closer to the stagnation point for E1. In the profiles for E2
shown in Fig.6.10, the FENE-CR model predicts more extension than the L-PTT model.
This behaviour of the models is also depicted by the velocity profiles in Figs. 6.11 and
6.12. The FENE-CD-JS model exhibits a much broader velocity profile in comparison
with the other models.
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Figure 6.9: Profiles of normalised PSD along the symmetry line of the outlet channel
for the extensibility parameter E1 (Wi = 0.2) (a) L-PTT ( = 0.02), (b) FENE-CR
(L2 = 50), and (c) FENE-CD-JS (L2 = 50).
Figure 6.10: Profiles of normalised PSD along the symmetry line of the outlet channel
for the extensibility parameter E2 (Wi = 0.2) (a) L-PTT ( = 0.01), (b) FENE-CR
(L2 = 100), and (c) FENE-CD-JS (L2 = 100).
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Figure 6.11: Profiles of normalised velocity magnitude along the symmetry line of the
outlet channel for the extensibility parameter E1 (Wi = 0.2) (a) L-PTT ( = 0.02), (b)
FENE-CR (L2 = 50), and (c) FENE-CD-JS (L2 = 50).
Figure 6.12: Profiles of velocity magnitude along the symmetry line of the outlet channel
for the extensibility parameter E2 (Wi = 0.2) (a) L-PTT ( = 0.01), (b) FENE-CR
(L2 = 100), and (c) FENE-CD-JS (L2 = 100).
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These results are in agreement with experimental studies in the cross-slot [132, 128],
which indicate that birefringent strands along the symmetry of the outflow channel could
be stretched to approximately 10 channel widths downstream of the stagnation point.
It has been shown numerically that the FENE-CD model predicts substantially more
stretching than the FENE-CR model in closer agreement with experimental results [98].
Comparing the present results of L-PTT and FENE-CR shows that FENE-CR predicts
relatively more extension for the long-chain polymer, i.e. for E2, which depicts the more
realistic microstructural dynamics embedded in the model.
The behaviour of the FENE-CD-JS model is indicative of the large extensional stresses
that can arise in the flow when polymer solutions are subject to highly stretching flows.
Experimental studies in the cross-slot using ultradilute polymer solutions have reached
extreme extensions of the birefringent strand and achieved a Trouton ratio, ηE/η, of up
to 1000 in the high El flow regime [128]. Such a high Trouton ratios had not been
previously reported in low El or high Re cross-slot flows of ultradilute polymer solutions,
which suggests that the elasticity number plays a significant role in achieving such a
high stretching. In high El flows, highly stretched polymer molecules may drive the flow
unstable because of the build up of large stresses in the flow, which have to be dissipated
by some means. The mechanism by which this occurs in the cross-slot is by symmetry-
breaking, in which the flow assumes one or more asymmetric flow configurations. In this
flow structure, more of the fluids elements coming from each of the inlet channels flows
out through one of the exit channels. At this point, further increase in strain rate in
order to stretched the polymer molecules more may cause a flow transition from a steady
asymmetric flow to a time-dependent flow to minimise energy, and the flow may not settle
down to a final steady-state [19, 129].
6.4 Stability Diagrams
The numerical simulation results are presented to study asymmetric instability regimes
obtainable in the cross-slot. The two parameters controlling stretching of polymer chains
are Wi and ε = ε˙t [95, 124], where ε and ε˙ are the strain and strain rate respectively.
In the cross-slot, these conditions for highly stretching of polymer molecules may only be
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satisfied for molecules passing close to the symmetry line in the vicinity of the stagnation
point. It had been previously suggested [129] that asymmetric instability originates from
highly stretched molecules in the region of curved streamlines, which generates a secondary
rotational flow by a similar mechanism as obtained in the elastic Taylor-Couette flow.
Once the flow becomes asymmetric the stagnation point vanishes and the strain on the
molecules are partly relaxed. In view of this, stability diagrams have been constructed
using Wi and ε, where ε is evaluated as the product of the strain rate, duy/dy, at the
stagnation point and the simulation time t, i.e. a measure of the duration of the strain
endured by the polymer molecule.
Stability diagrams for the L-PTT and FENE dumbbell fluids are provided in Figs.
6.13-6.17. Three flow regimes are captured in the simulations: a steady symmetric flow,
a steady asymmetric flow, and an unsteady asymmetric flow. These flow patterns are
illustrated by the PSD contour plots in Fig. 6.15.
Comparing Fig. 6.13 with 6.14 shows very little distinction between the stability
behaviour of L-PTT ( = 0.01) and FENE-CR (L2 = 100). The critical Wi for flow
transition from steady symmetric to asymmetric flow for FENE-CR is approximately
0.45, but it is slightly higher for the L-PTT fluid. In the stability diagram, the lower
boundary delineates the steady symmetric flow regime from the steady asymmetric flow
regime. At values of Wi below Wicr the flow remains steady and symmetric for all values
of ε. As Wi is increased, lesser strain is required for flow transition to occur due to the
increased elasticity. The fluid cannot sustain the strain rate at the stagnation point for a
long period of time and the flow becomes asymmetric by an energy reduction mechanism
in order to reduce the strain. Further increase in Wi beyond the supercritical value ≈ 1
results in the development of a time-dependent flow structure to maintain a low strain in
the strong flow regime. In this regime, the flow is unsteady and asymmetric.
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Figure 6.13: Stability diagram for the L-PTT model ( = 0.01)
Figure 6.14: Stability diagram for the FENE-CR model (L2 = 100)
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Figure 6.15: PSD for L-PTT ( = 0.01) normalised by the viscous stress component
2Uη/d (a) steady symmetric, Wi = 0.4 (b) steady asymmetric, Wi = 0.8 (c) unsteady
asymmetric, Wi = 1.25.
Figure 6.16: Stability diagram for the FENE-CD-JS model (L2 = 50)
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Figure 6.17: Stability diagram for the FENE-CD-JS model (L2 = 100)
For the FENE-CD-JS fluid, stability diagrams are shown for the parameters L2 = 50
(Fig. 6.16) and L2 = 100 (Fig. 6.17). In these simulations, flow transition from steady
symmetric to steady asymmetric occurs at Wicr ≈ 0.27 and Wicr ≈ 0.17, respectively. In
comparison to the previous models, the steady asymmetric flow regime for FENE-CD-JS
(L2 = 50) spans a much smaller range of Wi, indicating greater tendency towards time-
dependent behaviour. For this fluid, supercritical flow transition to time-dependent flow
occurs at Wi ≈ 0.31. For the FENE-CD-JS (L2 = 100) fluid, the steady asymmetric
flow regime vanishes completely and the flow goes directly from being steady symmetric
to unsteady asymmetric without settling down in time in the asymmetric regime. This
behaviour of the FENE-CD-JS model is due to the rapid increase in the strain experienced
by the fluid because of the much greater stresses generated by the drastic increase in
extension compared with the other models as seen in Section 6.3.
The results show that the FENE-CD-JS fluid is much more unstable compared with
the other models. This behaviour is governed by the value of the set of parameters L and
κ. The combination of these two parameters determines the maximum level of stretch
of the dumbbells, which as we have noted before, is a critical process that drives the
flow unstable. Comparing the results of the three models for the extensibility parameter,
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L2 = 100, illustrates the effect of non-linear drag on the FENE-CD-JS model. As depicted
by Fig. 6.1, the steady state profiles of the extensional viscosities of these models are not
significantly different in the simple homogeneous flow, yet the effect of the non-linear drag
in the transient flow can be very much. It is obvious that the steady state properties of
these models are not as important as their behaviour in time-dependent flows because
the rheological behaviour of the dumbbell model is determined by the time-dependent
evolution of their microstructure which is coupled with the macroscopic flow field.
6.5 Dumbbell Extension
Further understanding of the behaviour of the dumbbell model can be gained by studying
the evolution of the dumbbell extension, tr(A), with time, t/λ, shown in Fig. 6.18.
The figure compares the results for FENE-CR model and FENE-CD-JS for the same
extensibility parameter L2 = 100. The fluids exhibit similar degree of stretch but show
very different time-dependent behaviour. In the FENE-CR model, the flow assumes one
asymmetric configuration for the duration of time investigated. There are regions of
localised stretching around the outflow symmetry axis and close to the channel walls.
For this model, initially, the dumbbell extension is large around the outflow symmetry
axis but reduces in magnitude after the flow becomes asymmetric, dropping to about
the same magnitude as the wall stretching. In the FENE-CD-JS model, the direction of
asymmetry tilts between the two outlet channels with time and the dumbbell extension
is more localised around the outflow symmetry axis. As time increases, tr(A) increases
in magnitude and becomes increasingly localised in this region, whereas its value along
the wall in the inlet channels diminishes in contrast to the behaviour of the FENE-CR
model.
Corresponding profiles of the first normal stress difference, N1 = τxx− τyy, normalised
by 2ηU/d, for the two models are plotted along the inlet line of symmetry in Figs. 6.19
and 6.20. The negative values of the first normal stress indicate the compressive nature
of the stresses in the region. As depicted by the contour plot of tr(A) in Fig. 6.18, the
first normal stress for FENE-CR decreases in magnitude in the region of the stagnation
point and becomes broader with time, whereas for FENE-CD-JS, the first normal stress
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Figure 6.18: Comparing polymer extension tr(A) for (a) the FENE-CR model (L2 = 100)
at Wi = 2.39 and (b) the FENE-CD-JS model (L2 = 100) at Wi = 0.22
increases in magnitude and become narrower in this region.
Figure 6.19: Profiles of the normalised first normal stress difference along the symmetry
line of the inlet channel for the FENE-CR model (L2 = 100) at Wi = 2.39
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Figure 6.20: Profiles of the normalised first normal stress difference along the symmetry
line of the inlet channel for the FENE-CD-JS model (L2 = 100) at Wi = 0.22
The distinction in the behaviour of the these two models, which are differentiated
only by Larson’s hydrodynamic friction law, is very intriguing and shows how polymer
molecules may behave under different levels of extensional stress generated in the cross-
slot flow. Different stress-relief mechanisms are adopted by the models, which result
in their unique time-dependent behaviour. For the FENE-CR model, it appears to be
more energetically favourable to “disperse” the stress away from the stagnation point by
adopting a strong asymmetric flow configuration. For FENE-CD-JS, a much higher stress
is generated at the start of the flow and it is more energetically favourable for the flow to
localise the stress in this region. It is also noticeable at the start-up (t/λ = 5) of the flow
that the extension developed along the symmetry axis for FENE-CD-JS is much greater
than that generated along the walls of the inlet channel in comparison to the FENE-CR
model.
6.6 Conclusions
In this chapter, the network-theory-based Phan-Thien Tanner model and the FENE
dumbbell models have been evaluated in the cross-slot. The model parameters were
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selected for matching peak extensional viscosities in simple homogeneous flow. Using the
Larson friction law, the distinction between the steady-state extensional viscosities of the
constant drag and non-linear drag models is barely noticeable, yet dramatic differences
in their rheological behaviour are found in the cross-slot flow. Time-dependent stability
diagram were constructed based on the Weissenberg number of the flow and the strain at
the stagnation point to study the transient behaviour of the fluids. In the diagrams, three
distinct flow regimes were delineated, namely, steady symmetric flow, steady asymmetric
flow, and unsteady asymmetric flow. A new flow transition is identified in which the flow
goes directly from steady symmetric to unsteady asymmetric flow without passing through
the steady asymmetric regime. The Wi for supercritical flow transition decreases with
the non-linear character of the constitutive models. For the non-linear friction FENE-
dumbbell model, the constitutive instability is associated with the parameters, κ, the
non-linear friction coefficient and, L, the finite extensible length of the dumbbell. The
non-linear character of the model increases as these parameters are increased.
These results illustrate the effect of non-linear dynamics of the polymer chain. Even
for a friction law as weak as Larson’s such dramatic differences in the dynamics of the
fluids are predicted. This shows that the physical mechanism by which the flow evolves
with polymer conformation can significantly modify the behaviour of the model because
of the resulting higher extensional stress. Understanding such instability phenomena in
the cross-slot may have significant implications on industrial processes in which flow insta-
bility is a common problem. This is of often encountered in applications in which highly
stretching flows are generated, such as draw resonance and filament breaking instabilities
in fibre spinning, which seriously affect the production rate in polymer processing [133].
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Chapter 7
Elastic Instability in Contraction
Flows
7.1 Introduction
Entry flows have been used for many years as a benchmark flow problem to validate
numerical simulation, yet the success of simulation in predicting non-linear phenomena
in this geometry has been limited. For a Newtonian fluid, the presence of the inertial
term in the Navier-Stokes equation introduces non-linearity, which poses a difficulty to
numerical simulations. Significant vortex activities are only observed for this fluid in
the sudden expansion geometry, which is caused by the influence of inertia [134, 135].
However, in the sudden contraction flow, its behaviour is less interesting and only a
Moffatt vortex is usually observed. Viscoelastic flows in sudden contractions is by far more
intriguing [16, 136, 137, 138], but in the expansion flow it is found that viscoelasticity
tends to suppress the vortex growth, which is evidence of the stabilising effect of elasticity
on inertial flow [139]. So far, numerical simulation has predicted inertial instability for
Newtonian fluids in sudden expansion flows but numerical simulations of elastic instability
in contraction flows have not been previously reported.
Experimental evidence in microfluidic contraction flow [16, 138] shows rich vortex
behaviour for polymer solutions in the low to moderate Reynolds number, Re, and the
high Weissenberg number, Wi, flow regime. In this flow regime, elastic instability may
be generated and has been observed across a range of elasticity numbers, El. In low El
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flows, a Newtonian-like flow is usually observed at low Wi, which goes through several flow
transitions into a symmetric time-dependent vortex growth and an asymmetric bistable
vortex growth at moderate Wi, and to a divergent flow regime showing very large vortices
at very high Wi [16, 82, 83, 84, 85]. In the high El flow regime, lip vortices appear at low
Wi and grow into larger asymmetric dynamic vortex patterns at high Wi. The flow in
this type of geometry is strongly three-dimensional by virtue of their small aspect ratios,
which has a strong contribution to the observed flow patterns. The influence of the aspect
ratio in three-dimensional viscoelastic flow will be discussed in Chapter 8. However, in
this chapter only 2-D flows will be studied.
The transition in vortex patterns can be correlated to the dimensionless pressure
drop, 4P , across the channel and mapped out on the plot of Wi vs 4P [138]. This
excess pressure drop experienced by polymeric fluids in the converging flow has long been
suggested as a standard measure for viscoelastic flow simulation in the 4:1 contraction
benchmark flow problem [140]. Experimental [136] and numerical [127] investigations have
shown that the excess pressure drop is associated with an additional polymer dissipative
stress on an extended polymer chain due to a strong coupling of the chain with the applied
macroscopic flow field. Recent numerical studies of elastic instability in cross-slot flow
suggest that the onset of flow instability may be a physical mechanism by which energy
is removed from the flow, which might result in a reduction in the excess pressure drop
[129].
In this chapter, simulations of elastic instability in contraction flows are reported for
the first time. Time-dependent finite-volume calculations are implemented as described in
Chapter 4. Thus, the numerical simulation imitates the physics of viscoelastic flows more
realistically unlike steady-state simulations which often uses under-relaxation technique to
evolve the solution, in which the solution does not follow the trajectory of the non-linear
flow to reach the final steady-state solution.
Firstly, in Section 7.2, the prediction of the models in simple homogeneous flows and
in the contraction flow is discussed with a view to discriminating between the models.
In Section 7.3, the simulations presented are conducted without the effect of inertia by
neglecting the inertial term in the momentum equation. In Section 7.4, the inertial term
is included in the momentum equation in order to characterise the flow based on the
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elasticity number. The influence of the inertial term and the contraction ratio will be
studied.
7.2 Model Prediction
The present study will be conducted using the model parameters depicted by the material
functions shown in Fig. 7.1. To investigate the effect of conformation-dependent drag for
the FENE-CD-JS model, the value of the hydrodynamic drag coefficient, κ, is varied for a
fixed extensibility parameter, L2 = 100. These plots show increasing elongational viscosity
with κ. Matching rheological fluids are sought through peak extensional viscosity for the
FENE-CD-JS model (κ = 0.1,L2 = 100) with non-linear friction coefficient, the constant
friction FENE-CD-JS model (κ = 0,L2 = 160), and the L-PTT model ( = 0.006) to
investigate the effect of the constitutive model. For all the fluids represented by the
various plots, their shear viscosities are reasonably close for the selected shear-thinning
parameter, ξ = 0.075. This value is necessary in order to stabilise the numerical solution
up to a level of Wi that is significantly higher than would be attained for a vanishing
value of ξ. The stabilising effect of shear-thinning is more effective when the inertial term
is taken into consideration in the momentum equation.
In Fig. 7.2, the transient data of the homogeneous flow elongational viscosity for L-
PTT ( = 0.006), FENE-CD-JS (κ = 0, L2 = 160), and FENE-CD-JS (κ = 0.1, L2 =
100) is plotted in order to compare the dynamic behaviour of the fluids at two arbitrary
Weissenberg numbers, Wi = 0.5 and 25. Note that the steady-state values of the data
can be deduced from Fig. 7.1. At the value Wi = 0.5, a large discrepancy is already
noticeable in the evolution of the elongational viscosity of the models, with the variable
drag model predicting the largest elongational viscosity. For Wi = 25, the discrepancy
between the models is much greater. The elongational viscosity of the L-PTT model
rises much more slowly compared with the FENE dumbbell model. The FENE dumbbell
model also predicts overshoots in the elongational viscosity, which are often seen during
start-up of viscometric flows.
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Figure 7.1: Prediction of shear and elongational viscosities for the FENE dumbbell model
with constant and non-linear friction coefficient, and for the L-PTT model in homogeneous
flow
Figure 7.2: Plot of transient elongational viscosity, ηE, normalised by η0, at Wi = 0.5 for
L-PTT and FENE-CD-JS
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Figure 7.3: Plot of transient elongational viscosity, ηE, normalised by η0, at Wi = 25 for
L-PTT and FENE-CD-JS.
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7.3 Purely Elastic Flow
7.3.1 Geometry and Mesh
In line with recent experiments [16], the study will be conducted using a 16:1 contraction
geometry. In order to validate solution convergence with mesh refinement, numerical
simulations have been performed using two meshes M1 and M2 as shown in Fig. 7.4. The
number of control volumes are 42,520 and 83,700 and their minimum dimensions are given
by 4xmin/wc = 4ymin/wc = 0.014 and 0.01 for M1 and M2, respectively. The lengths
of the upstream and downstream channels are 300 and 200 widths of the downstream
channel, wc, respectively, to allow for complete flow development along the channels. The
simulations presented were performed using the following boundary conditions. At the
inlet boundary a Dirichlet condition is applied for the velocities, the stress is set to zero,
and a homogeneous Neumann condition is applied for the pressure field. A homogeneous
Neumann condition is prescribed for the velocity and stress fields at the outlet boundary,
while a vanishing pressure is prescribed at the outlet boundary. A no-slip condition is
prescribed along the walls.
Fig. 7.5 and 7.6 show plots of instantaneous profiles of the normalised streamwise
velocity, vx, and the normalised first normals stress difference, N1, along the centreline
of the contraction at Wi = 4. The simulations were performed using the variable drag
FENE-CD-JS model (ξ = 0.075, κ = 0.1, L2 = 100). The time, t, of the flow process is
normalised by the relaxation time, λ, of the fluid. In these results, the profiles are almost
indistinguishable at the same instance in time t/λ = 1, 40, and 125, which suggests
that the evolution of the solutions is not dependent on the mesh. Noticeably, there is a
significant growth in the velocity and stress fields between t/λ = 1 and 40 because of the
start-up flow period. After the flow reaches this state, the changes in the flow field in
the upstream channel far from the entry region is very small relative to the fluctuations
in the vicinity of the re-entrant corner. Downstream of the re-entrant corner, significant
dynamic behaviour takes place up to a channel length equal to approximately 30 widths
of the downstream channel. The simulation results show that the flow remains time-
dependent for a long period of time. No steady-state solution was reached.
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Figure 7.4: Computational geometry and grid for 16:1 2-D planar contraction showing
mesh refinement around the re-entrant corner for (a) M1 (b) M2
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Figure 7.5: Instantaneous profile of streamwise velocity, vx, along the centrline of the
geometry, normalised by the mean velocity, U , in the downstream channel. The results
are based on the FENE-CD-JS model at Wi = 4
Figure 7.6: Instantaneous profile of the first normal stress difference, N1, along the centre-
line of the geometry, normalised by the wall shear stress, τw, in the downstream channel.
The results are based on the FENE-CD-JS model at Wi = 4
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7.3.2 Effect of Constitutive Models
The effect of the constitutive model is investigated using L-PTT ( = 0.006), FENE-CD-
JS (κ = 0, L2 = 160), and FENE-CD-JS (κ = 0.1, L2 = 100), which have been shown in
Section 7.2 to exhibit similar steady elongational viscosities but differ significantly in the
transient flow.
The flow pattern for the fluids are shown in Fig. 7.7-7.9 for increasing Wi. For
the three fluids, a Newtonian-like flow is obtained at the low Wi value of 0.5, which is
characterised by a Moffatt-like corner vortex. Over the range of the Wi examined, the
vortex pattern of the L-PTT model remains fairly steady. The vortex pattern of the
constant drag FENE-CD-JS model in Fig. 7.8 is also fairly steady at low Wi, but as Wi
is increased the flow becomes unsteady and slightly asymmetric around the lip region.
This is more clearly seen in the snapshots of the streamlines shown in Fig. 7.11, in which
the vortex has become slightly asymmetric in the re-entrant corner at t/λ = 32. A more
dramatic time-dependent flow pattern is seen for the FENE-CD-JS (κ = 0.1, L2 = 100)
model. At Wi = 3 (Fig. 7.9) this fluid has become significantly asymmetric with one
corner vortex becoming much larger than the other, having merged with the lip vortex.
At the higher Wi value of 5, the vortices have grown larger and the asymmetry is more
pronounced.
The snapshots of the vortex patterns shown in Fig. 7.10-7.12 for Wi = 5 show that
vortex growth takes place initially by a lip mechanism in the FENE-CD-JS (κ = 0.1, L2 =
100), which then grows and merges with the corner vortex. The lip vortex mechanism
becomes increasingly dominating with fluid type. Comparing the three models at t/λ = 4,
the size of the lip vortices are largest in the FENE-CD-JS (κ = 0.1, L2 = 100) model and
smallest for the L-PTT model. The results of the image sequence captured in Fig. 7.12
also show that the size of the corner vortices fluctuates non-periodically in the FENE-CD-
JS (κ = 0.1, L2 = 100) model causing the asymmetric pattern to flip from corner-to-corner
while the flow remains unsteady.
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Figure 7.7: Streamlines for L-PTT showing the effect of increasing Wi on the flow pattern
(t/λ = 226) (a) Wi = 0.5 (b) Wi = 3 (c) Wi = 5
Figure 7.8: Streamlines for FENE-CD-JS (κ = 0, L2 = 160) showing the effect of increas-
ing Wi on the flow pattern (t/λ = 206) (a) Wi = 0.5 (b) Wi = 3 (c) Wi = 5
Figure 7.9: Streamlines for FENE-CD-JS (κ = 0.1, L2 = 100) showing the effect of
increasing Wi on the flow pattern (t/λ = 110) (a) Wi = 0.5 (b) Wi = 3 (c) Wi = 5
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Figure 7.10: Snapshots of streamlines for L-PTT at Wi = 5 (a) t/λ = 4 (b) t/λ = 32 (c)
t/λ = 226
Figure 7.11: Snapshots of streamlines for FENE-CD-JS (κ = 0, L2 = 160) at Wi = 5 (a)
t/λ = 4 (b) t/λ = 32 (c) t/λ = 204
Figure 7.12: Snapshots of streamlines for FENE-CD-JS (κ = 0.1, L2 = 100) at Wi = 5
(a) t/λ = 4 (b) t/λ = 79 (c) t/λ = 110
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The vortex pattern predicted by the FENE-CD-JS (κ = 0.1, L2 = 100) model be-
haves similarly to those observed in microfluidic experiments in the high El flow regime
(El ≈ 89) using a 16:1 contraction ratio [16]. However, there is a notable difference
between the predicted flow patterns and the experiment. Much stronger recirculating
three-dimensional patterns are observed in the experiment due to the small aspect ratio,
AR, (i.e. ratio of the channel width to its depth) of the flow device, which are in the
range of 0.05 and 0.5 for the upstream and downstream sections, respectively. This is
expected to have a strong influence on the flow patterns, whereas the present simulations
are two-dimensional. In three-dimensional contraction flows with such small aspect ra-
tios, the effect of the confining walls is to increase the strain on the fluid leading to much
stronger recirculating patterns even for a Newtonian fluid [134].
Elastically-induced asymmetric behaviour of dilute polymer solutions is a characteris-
tic of the high El flow regime because of the dominating influence of the fluid elasticity.
Neglecting inertia in the present simulations implies that El→∞. In experiments, such
phenomenon has been reported at El of the orders of 500 [85].
Fig. 7.13 compares the profiles of the first normal stress difference, N1, along the
centreline of the contraction for the three fluids. N1 is normalised by the wall shear
stress, τw, which is calculated for a fully developed flow in the downstream channel. As
shown, the profiles for L-PTT and FENE-CD-JS (κ = 0, L2 = 160) are almost identical,
which indicates similar range of extensional stresses in the fluid. By contrast, for the
FENE-CD-JS (κ = 0.1, L2 = 100) fluid, a much greater N1 is predicted. The value of
N1 is greatest in the vicinity of the re-entrant corner because the fluid in this region is
subject to a very high strain, which persists a long way down the downstream channel.
Far upstream and downstream of the re-entrant corner the fluid is relaxed and all three
models predict identical N1.
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Figure 7.13: Profiles of the first normal stress difference, N1, along the centreline nor-
malised by the wall shear stress, τw, in the downstream channel
The effect of the hydrodynamic drag coefficient is illustrated by reducing the param-
eter, κ, to 0.05 for the FENE-CD-JS model. The simulation results presented in Fig.
7.14 show that the model also predicts asymmetric flow patterns but generally smaller
vortices. At Wi = 3 small asymmetric lip vortices can be seen as well as standing corner
vortices which appear to be symmetric, in contrast to the asymmetric vortices shown at
this Wi for the higher drag model. At Wi = 5 large asymmetric vortices are also pre-
dicted. Snapshots of the streamlines for this model are presented in Fig. 7.15, which show
a similar behaviour as the higher drag model. The vortex dynamics is also dominated
by a lip vortex mechanism and the vortices evolve from the re-entrant corners and grow
larger in size with time.
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Figure 7.14: Streamlines for FENE-CD-JS (κ = 0.05, L2 = 100) showing the effect of
increasing Wi on the flow pattern (t/λ = 97) (a) Wi = 0.5 (b) Wi = 3 (c) Wi = 5
Figure 7.15: Snapshots of streamlines for FENE-CD-JS (κ = 0.05, L2 = 100) at Wi = 5
(a) t/λ = 4 (b) t/λ = 71 (c) t/λ = 97
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7.4 Finite Elasticity Number Flow
In this section, the inertial term in the momentum equation will be included and the effect
of the contraction ratio on the asymmetric flow patterns will be investigated. Simulations
are conducted using the FENE-CD-JS (κ = 0.01, L2 = 100) model for different contraction
ratios. Firstly, the effect of the inertial term on the flow patterns will be discussed based
on the 16:1 contraction ratio. Snapshots of the flow patterns for this geometry with and
without the influence of inertia are compared in Fig. 7.16 and 7.17. For these simulations
Re ≈ 0.0278 and Wi = 5, which gives El ≈ 180, therefore elasticity is expected to
dominate in this flow regime. The results show that between t/λ = 4 and 32 a much
smaller lip vortex and a smaller corner vortex are predicted in the non-vanishing Re flow.
Following the image sequence captured in the figure, it may be seen that for the purely
elastic flow (El → ∞), the top wall vortex develops to become greater in size than the
bottom wall vortex with time. The influence of inertia seems to have an opposing effect
on this trend.
In order to study the evolution of the vortex with time, a bifurcation parameter, DX,
will be defined as proposed by [141], which is given in terms of the distance between the
vortex reattachment points on the upper and lower walls, DX = (LU − LD)/(LU + LD),
where LU and LD are the sizes of the vortex on the upper and lower walls, respectively.
Therefore, for a symmetric vortex growth, DX = 0, and otherwise it implies a transition
from a symmetric to an asymmetric vortex growth. For DX > 0 the top wall vortex is
larger and for DX < 0 the bottom wall vortex is larger.
The evolution of DX with the normalised time, t/λ, is shown in Fig. 7.18. At the
start of the flow DX = 0 for both the inertial and inertialess flow. The transition from
symmetric to asymmetric flow takes place at t/λ ≈ 15 in the inertialess flow and at
t/λ ≈ 19 with inertial effect. Comparing the oscillatory behaviour of the DX for the
flows suggests that the inertialess flow appears to be more stable and displays stronger
deviation from symmetric behaviour compared with the inertial flow. The inertial flow
fluctuates with a shorter period of about 50 times the relaxation time of the fluid. The
result suggests that the elastically-induced asymmetric flow pattern is stabilised by the
elasticity number, whereas inertia has an opposing effect on the flow pattern, which is
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supported by experimental evidence [16].
Figure 7.16: Snapshots of streamlines for FENE-CD-JS (κ = 0.1, L2 = 100) at Wi = 5
(a) with inertial effect (Re = 0.0278) (b) without inertial effect (Re = 0)
The results reported so far are consistent with experimental observations for the 16:1
contraction flow. It should be noted that although the experiments were performed using
a contraction-expansion geometry, the contraction throat of the experimental geometry
is long enough for the effect of the expansion section to be neglected. As shown by the
profile of the first normal stress difference in Fig. 7.13, the fluid is fully relaxed at about
30 widths of the downstream section. The unstable flow behaviour of polymer solutions in
this geometry largely originates in the region of high strain during the converging flow in
the re-entrant corner, as depicted by the high first normal stress difference in this region.
For a relatively short re-entry length in the contraction-expansion flow, it is expected that
the upstream flow pattern would be influenced by the inertial effect that may arise in the
expansion section further downstream. As discussed in the introduction, viscoelasticity
usually has a quelling effect on the downstream flow pattern in sudden expansion flows,
and disturbances propagating from the upstream and downstream channels might act to
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Figure 7.17: Snapshots of streamlines for FENE-CD-JS (κ = 0.1, L2 = 100) at Wi = 5
(a) with inertial effect (Re = 0.0278) (b) without inertial effect (Re = 0)
effectively cancel out each other. It will be interesting to investigate the effect of the
re-entry length in such a geometry. Other geometric parameters which may also greatly
influence the flow patterns in this geometry are the contraction ratio and the aspect ratio.
Bearing in mind the effect of the contraction ratio on the flow patterns in the contrac-
tion flow, it is desirable to construct a general stability diagram that can account for the
effect of the contraction ratio. Such a stability diagram will be very useful for illustrat-
ing the various flow regimes achievable in contraction flows regardless of the contraction
ratio, at least for a simple case such as a 2-D flow without a diverging flow section. In
the discussions following, the effect of the contraction ratio will be investigated using
contraction ratios of 4, 8 and 16. The geometries are designed by varying the upstream
width of the channels for a fixed downstream width for the three channels. Based on the
conventional definition of the elasticity number, El = Wi/Re, for a given fluid, El will
be fixed for the three channels, and on a Wi− Re diagram the flows will be represented
by the same trajectory, i.e. El ≈ 180 in this case. However, the flow patterns due to the
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Figure 7.18: DX diagram for the FENE-CD-JS (κ = 0.1, L2 = 100) model comparing the
transient behaviour of the vortex pattern with and without effect of inertia
different contraction ratios are expected to be significantly different since the fluid will
experience different total Hencky strains given by the logarithm of the contraction ratio,
εH = ln(wu/wc). Hence, a stability diagram constructed based on Wi − Re alone may
not be sufficient to describe the flow in the contraction geometry. To include the effect of
the contraction ratio, the dimensionless parameter Elβ = βWi/Re will be defined, where
β = wu/wc is the contraction ratio of the geometry. El
β may also be written in terms of
the Hencky strain, εH , as follows
Elβ =
Wi
Re
β =
λη
ρw2c
eεH (7.1)
Fig. 7.19 shows the Wi−Re/β diagram constructed for the various contraction ratios.
The slope of Elβ now scales with β to map out the different flow patterns obtainable in the
different contraction ratios. Essentially, the differences in the flow patterns are due to the
contraction ratios, which reflects the Hencky strain experienced by the polymer molecules.
This diagram is comparable in many respect with the Wi− Re diagram obtained in our
laboratory for similar contraction ratios in the microfluidic experiment [83]. It may be seen
that decreasing the contraction ratio essentially results in more stable flows, indicating
less severe fluid stretching in the lower contraction ratio geometries. The flow patterns in
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the 4:1 and 8:1 geometries are time-dependent but more symmetric compared with the
16:1 flow at high Wi. In the 16:1 flow, which represents the high Elβ flow regime, the
vortices are more asymmetric and fluctuates in time with a period that is greater than
that which is displayed by the fluid in the lower contraction ratios.
Figure 7.19: Stability diagram for the FENE-CD-JS (κ = 0.1, L2 = 100) model showing
the effect of fluid elasticity for various contraction ratios on the flow pattern.
7.5 Conclusions
Elastic flow instability has been simulated in the contraction geometry using the FENE-
CD-JS model with the non-linear model parameter κ > 0. Substantial time-dependent
asymmetric flow patterns were predicted as seen in experiments. The constant drag
FENE-CD-JS model also showed some time-dependent behaviour, but only asymmetric
lip vortices were predicted. The Phan-Thien-Tanner model predicted fairly stable flow
patterns over the range of the Wi investigated. For the three models, matching steady
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elongational viscosities in homogeneous flow were sought by the choice of model parame-
ters but the predictions of the models in transient flow were significantly different.
Further investigations were carried out to study the effect of the inertial term and
the contraction ratio on the elastic flow pattern. It appears that inertia destabilises
the elastically-induced asymmetric structure of the fluid. A stability diagram has also
been constructed to illustrate the effect of the contraction ratio on the fluid, which rep-
resents the flow of any given fluid by the trajectory of the dimensionless parameter
Elβ = βWi/Re. The results show very similar flow patterns to those obtained exper-
imentally using similar contraction ratios.
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Chapter 8
Three-dimensional Flow of Polymer
Solutions in a Planar Contraction
8.1 Introduction
The contents provided in this chapter have been published [15] as a conference proceedings
following a presentation at the 5th Annual European Rheology Conference, Cardiff. The
purpose of this work is to illustrate the effect of the aspect ratio in a three-dimensional
contraction flow. This research is motivated by a better understanding of the non-linear
dynamics of polymer solutions and developing microfluidic rheometry. Some researchers
have conducted experiments in microfluidics without taking the aspect ratio into account.
This has often led to results that are contrary to expectations because of the three-
dimensional nature of the flow. For example, contraction flow experiments in which only
the width of the downstream channel is varied in order to increase the Hencky strain
endured by the fluid may effectively result in the opposite effect due to the higher down-
stream aspect ratio. The Hencky strain in three dimensional contraction flow is strongly
influenced by both the contraction ratio and the aspect ratio of the geometry. Evidence
from our laboratory [83, 142, 84, 85] suggests that the aspect ratio is very influential on
the flow patterns in microfluidic devices. Unfortunately, the dimensionless parameters for
characterising these flows such as the Weissenberg number, Reynolds number, and elas-
ticity number, are often based on only one characteristic length scale, i.e. the width of the
downstream channel. In microfluidic experiments, Wi − Re stability diagrams are often
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constructed based on only the width of the downstream length. Our 3-D numerical sim-
ulations show that such flow diagrams may be mis-leading in strongly three-dimensional
flow without quoting the aspect ratio of the geometry.
In this chapter, three-dimensional flow of an exponential PTT fluid (E-PTT) in 8:1
planar contraction channels with various aspect ratios is studied. The model is fully char-
acterised using material functions of a semi-dilute PEO solution. Numerical simulations
are performed using the POLYFLOW finite element solver [31] based on one-quarter of
the 3-D geometry and slightly rounded re-entrant corners. It is expected that rounding
the re-entrant corner will have a favourable impact on numerical stability. The effect of
the aspect ratio on the flow fields is studied by a series of upstream aspect ratios, AR,
defined as the ratio of the depth, h, to the upstream width, wu, of the channel, from ideal
2-D flow (AR >> 1) to strongly 3-D flow (AR = 1/4).
8.2 Parameter Estimation
The material functions used in the E-PTT model were extracted from a well-characterised
semi-dilute solution of polyethylene oxide based on the linear and non-linear rheometric
data [142]. A four-mode relaxation spectrum was obtained from the dynamic frequency
sweep data. The shear-thinning parameter, ξ, of the E-PTT model was obtained by
fitting the steady-shear viscosity data to the model. The resulting material functions and
model parameters are given in Table 8.1. The value of the parameter , which controls
the extensional viscosity, is taken as 0.001. The mean relaxation time is evaluated using
the viscosity-average relaxation time given by
λm =
∑
i λ
2
iGi∑
i λiGi
(8.1)
which gives a value of λm = 28.73ms.
The predictions of the E-PTT model in simple shear flow based on the material func-
tions obtained are shown in Fig. 8.1. The figure shows the shear viscosity, η, the first
normal stress coefficient, ψ1 = (τxx − τyy)/γ˙2xy, and the ratio of the first normal stress
difference to the shear stress N1/τxy as a function of shear rate. The left vertical axis
represents η and ψ1, and the right vertical axis represents N1/τxy. The prediction of
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Table 8.1: Relaxation spectrum and estimated material parameter ξ of the E-PTT model
Mode i Gi[Pa] λi[ms] ηi[mPa.s] ξ
1 8.860 0.114 1.01 5.00e−7
2 0.696 3.130 2.18 5.81e−6
3 0.336 13.20 4.43 9.77e−4
4 0.028 89.40 2.53 1.60e−3
Solvent - - 1.00 −
Total 11.15
the Trouton ratio, Tr, defined as the ratio of the extensional viscosity, ηE, to the zero
shear-rate viscosity, η0, is shown in Fig. 8.2.
8.2.1 Numerical solver
The numerical simulations have been performed using a parallel version (3.12) of the
POLYFLOW solver [143]. A mixed finite element method (EVSS/SU), which com-
bines the elastic-viscous split stress (EVSS) method [115] and streamline upwinding
(SU) scheme [144] was used for discretising the governing equations. The streamline
upwind finite element technique is based on the idea of introducing a streamline diffu-
sion term into the constitutive equation. This technique is attractive for solving com-
plex multi-dimensional flow problems because it removes spurious crosswind diffusion,
which is caused by the addition of artificial diffusion to a convection-dominated convec-
tion/diffusion problem. Furthermore, the SU scheme has been reported to be very stable,
especially when equations are solved in a coupled manner with a hybrid direct/iterative
solver. An evolution technique was applied to advance the solution from purely Newtonian
to fully viscoelastic flow. The boundary conditions used are as follows: fully developed
velocity and stress profiles were prescribed at the inlet section. This was implemented in
POLYFLOW by solving a finite-element problem along the boundary section, based on a
specified flow rate. At the outlet section, a zero tangential velocity and a fully developed
normal velocity profile were prescribed, and Neumann conditions for stresses. A no-slip
condition was prescribed along the walls.
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Figure 8.1: Prediction of the E-PTT model in simple shear flow. The left vertical axis
represents η and ψ1, and the right vertical axis represents N1/τxy.
8.2.2 Dimensionless parameters
The relevant dimensionless numbers are the Reynolds number, Re, the Weissenberg num-
ber, Wi, and the elasticity number, El. These are defined as follows.
Reynolds number.
The Reynolds number is given by
Re =
ρUclc
η0
(8.2)
where ρ is the density of the fluid, Uc is the mean velocity in the contraction channel, η0
is the zero-shear rate viscosity, and lc is the characteristic length of the channel. For 3-D
flow geometry, it is typical to take lc as the hydraulic diameter of the contraction channel
[16, 145], which is given by Dh,c = 2hwc/(h+wc). Following from this definition, 2-D flow
represents the limiting case h/wc  1, for which Dh,c → 2wc. Therefore, for 2-D flow, we
take lc = 2wc instead of wc, which is commonly used. The mean velocity is taken as by
Uc = Q/(hwc), based on the downstream channel, where Q is the flow rate.
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Figure 8.2: Prediction of Trouton ratio by the E-PTT model under uniaxial extensional
flow.
Weissenberg number.
The Weissenberg number is defined as the product of the characteristic relaxation time,
λm, of the fluid and the mean shear rate in the downstream channel, γ˙c = Uc/(wc/2)
Wi = λγ˙c =
λmUc
wc/2
(8.3)
Note that in comparing 3-D results of different aspect ratios at the same Wi, we consider
flows at the same mean velocity, Uc, but different flow rate, Q, since Q varies with the
aspect ratio.
Elasticity number.
The elasticity number is defined as the ratio of the Weissenberg number to the Reynolds
number as follows,
El =
Wi
Re
=
2λmη0
ρwcDh
=
λmη0(wc + h)
ρhw2c
(8.4)
Eq. 8.4 shows that El is independent of the kinematics of the flow but depends only on
fluid properties and flow geometry.
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8.3 Geometry and Mesh
Mesh density dependence of the solution is conducted using three 2-D meshes, M1, M2
and M3 having 1035, 1280, 2760 elements respectively. The geometries are designed with
a corner curvature of radius, Rc = 0.1wc. Solution convergence with mesh refinement
is demonstrated by comparing the profiles of the velocity and the first normal stress
difference along the centreline, and at a position y = 0.4wc cross-stream, measured from
the centre. The velocity profiles shown in Figs. 8.3 are almost identical for the three
meshes, with only slight deviations in the entry region. Similar results are obtained for
the profiles of the first normal stress difference shown in Fig. 8.4.
Figure 8.3: Velocity magnitude along x direction at the positions y = 0 and y = 0.4wc
(Re = 0.465,Wi = 15).
The velocity and stress fields resulting from slightly rounded-corner contractions are
expected to be quantitatively similar to those obtained from equivalent sharp-corner ge-
ometries in the majority of the flow domain except at the entry region where they might
be slightly different. Rothstein and McKinley [81] demonstrated that the vortex length
and pressure drop data obtained from both sharp and rounded-corner contractions can
be plotted on a single master curve by using an equivalent definition for Wi, given by
Wis = λmUc/(wc/2 + Rc), for rounded-corner geometries. In the present work, using
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Figure 8.4: First normal stress along x direction at the positions y = 0 and y = 0.4wc
(Re = 0.465,Wi = 15).
Rc = 0.1wc in this expression gives a scaling factor of Wi/Wis = 1.2.
Fig. 8.5 shows the geometry and computational mesh for one-quarter of the full 3-D
geometry with planes of symmetry defined along the boundaries y = 0 and z = 0. Fig.
8.6 shows the graded mesh along the plane of symmetry z = 0, and a magnified view of
the entry region showing the corner curvature of radius Rc.
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Figure 8.5: 3-D planar contraction geometry and graded mesh. The computational do-
main is one-quarter of the flow geometry.
Figure 8.6: Plane of symmetry z = 0 showing graded mesh and a magnified view of the
entry region.
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8.4 Effect of the aspect ratio on vortex growth dy-
namics
The effect of the aspect ratio on the flow kinematics is investigated using the upstream
aspect ratios, AR = 1, 1/2, and 1/4. Fig. 8.7 shows the vortex patterns of 2-D simulations
for Wi = 1.44, 5.75 and 10. The elasticity number for this geometry is fixed and it is
given by El = 32.2. Fig. 8.8 shows corresponding results of 3-D simulations along the
plane z = 0 for AR = 1 and El = 36.3. The two set of results show a similar trend,
i.e., as Wi is increased a salient corner vortex can be seen growing into a larger corner
vortex and fingering towards the re-entrant corner. These results are in agreement with
the salient-corner vortex enhancement mechanism that is often observed with the PTT
fluid in 2-D simulations [71, 73], and in 3-D simulations using AR = 1 [62]. The vortices
in the 2-D simulations are, however, generally larger in size than the corresponding 3-D
results for the same Wi. Xue et al. [62] suggested that 2-D flow approximation is valid
only when the aspect ratio of the channel is at least greater than 10. However, such high
aspect ratios are not very common in microfluidic applications.
Figure 8.7: Streamline patterns for 2-D flow (AR 1 and El = 32.2).
Fig. 8.9 shows the vortex patterns along the plane z = 0 for 3-D simulations with
AR = 1/2 and El = 40.3. The results are presented at Wi = 3.5, 5.75 and 7. These
results also show a salient-corner vortex growth mechanism, although the vortex sizes are
smaller compared with those observed in the AR  1 and AR = 1 configurations. By
contrast, the 3-D simulations with AR = 1/4 and El = 48.3 (see Fig. 8.10) show a lip
vortex growth mechanism. A lip vortex appears at Wi = 3.75, which grows downstream
and fingering towards the salient corner at Wi = 5.75. At Wi = 7, the vortex has
grown into a convex-shaped corner vortex (looking from left to right) in contrast to the
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Figure 8.8: Streamline patterns for 3-D flow with AR = 1 and El = 36.3 along the plane
z = 0.
concave-shaped vortices seen in the higher aspect ratio results.
Figure 8.9: Streamline patterns for 3-D flow with AR = 1/2 and El = 40.3 along the
plane z = 0.
Figure 8.10: Streamline patterns for 3-D flow with AR = 1/4 and El = 48.3 along the
plane z = 0.
These results are summarised on the Wi− Re vortex pattern map in Fig. 8.11. The
diagram is only semi-quantitative. It shows the trajectories followed by the E-PTT fluid
in 8:1 contraction channels with the aspect ratio decreasing from a 2-D flow (AR  1)
to AR = 1/4, which correspond to the elasticity numbers in the range 32.2 ≤ El ≤
48.3. The figure also shows the two regions of vortex growth mechanism separated by a
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transition zone. The transition from a corner vortex mechanism to a lip vortex mechanism
is predicted between AR = 1/2 and 1/4 (i.e. El = 40.3 and 48.3).
A similar transition in vortex growth mechanism is usually observed in experiments
and simulations involving increasing El, which is achieved either by varying the fluid
properties for a fixed geometry [16, 80], or by increasing the contraction ratio for a given
fluid [61, 72]. By considering the definition of the elasticity number (see Eq. 8.4), it
can be seen that varying any of the fluid properties (λm, η0, or ρ) will directly affect El.
The effect of increasing the contraction ratio is often associated with higher total Hencky
strain, defined as ln(wu/wc) for planar contractions, experienced by polymer molecules
during the converging flow. We note that the contraction ratio, wu/wc, can either be
increased by increasing wu for a fixed wc, or by decreasing wc for a fixed wu, the latter of
which will directly affect El. The role of the aspect ratio on El can be similarly explained
in terms of h.
Figure 8.11: Wi−Re diagram for the E-PTT fluid obtained by changing the aspect ratio
of 8:1 contraction channels. The dashed line (- - -) represents the transition zone be-
tween the salient-corner vortex enhancement mechanism and the lip vortex enhancement
mechanism.
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In Fig. 8.12, the size of the corner vortices is plotted in dimensionless form, χL,
(normalised by the half width of the downstream channel) as a function of the aspect
ratio. The plot shows the variation of the dimensionless vortex length with the aspect
ratio at Wi 5.75. The dimensionless vortex length undergoes a significant shrink in size
as the aspect ratio is decreased from 1/2 to 1/4, which is a result of the transition in the
vortex mechanism. The result for AR 1 is represented by an asymptotic (dashed) line,
which is given by χL = 3.23.
Figure 8.12: Variation of dimensionless vortex length, χL, with the aspect ratio at Wi =
5.75. The asymptotic (dashed) line represents the result for AR 1 (χL = 3.23)
The above transition in vortex growth mechanism can also be seen from the 3-D views
in Figs. 8.13 and 8.14. These results are reported for the AR = 1/2 and 1/4 simulations
at Wi = 5.75. Fig. 8.13 shows the vortex patterns in the planes z = −h/4 and y = wu/4,
and Fig. 8.14 shows the pathlines for the above flows. In Fig. 8.13, the streamlines in
the plane y = wu/4 show a bifurcation line separating the primary flow zone from the
re-circulation zone, which increases in the z direction from the plane of symmetry (z = 0)
to the side wall (z = −1/2). This can also be seen from the pathlines in Fig. 8.14. For
AR = 1/2, the recirculation zone can be seen increasing more rapidly towards the side
wall compared with AR = 1/4.
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Figure 8.13: 3-D view showing vortex patterns along the planes z = −h/4 and y = wu/4
for (a) AR = 1/2 and (b) AR = 1/4 at Wi = 5.75.
Figure 8.14: 3-D view showing pathlines for (a) AR = 1/2 and (b) AR = 1/4 at Wi =
5.75.
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8.5 Effect of the aspect ratio on dynamic fields
In Fig. 8.15, we compare profiles of the first normal stress difference, N1, normalised by
(wc/2)(−dp/dx)c,FD for different aspect ratios at Wi = 5.75, in which (−dp/dx)c,FD is
the (constant) pressure gradient calculated for fully developed flow in the downstream
channel. The inset is a plot of the maximum values of the normalised first normal stress
difference, N1,max/((wc/2)(−dp/dx)c,FD), as a function of the aspect ratio. The first
normal stress difference is found to increase rapidly with decreasing aspect ratio. This
result depicts a non-linear correlation between the aspect ratio and the first normal stress
difference.
Figure 8.15: Profiles of normalised first normal stress difference along the x direc-
tion (at the position y = 0, z = −h/4) at Wi = 5.75 for different AR. The
inset is a plot of the maximum values of normalised first normal stress difference,
N1,max/((wc/2)(−dp/dx)c,FD), as a function of AR.
Figs. 8.16(a)-(c) show the plot of the dimensionless pressure distribution,
p−pref
(wc/2)(−dp/dx)c,FD ,
in the entry region for the range 1.44 ≤ Wi ≤ 7. In the figure, the results for the various
aspect ratios are presented as follows, AR  1 in (a), AR = 1/2 in (b), and AR = 1/4
in (c). The pressure distributions clearly show distinct trends. Fig. 8.16(d) plots the
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Couette correction coefficient, C, against Wi. For all the aspect ratios, C is found to be
a negative decreasing non-linear function of Wi. Within the range of Wi investigated C
is similar for all the aspect ratios, except for AR = 1/4, in which C is much greater due
to stronger 3-D effects. Note that the curve for AR = 1/4 is almost linear in a range of
Wi up to 5.75, within which the flow is dominated by the lip vortex growth mechanism.
Figure 8.16: Dimensionless pressure distribution, (p− pref )/((wc/2)(−dp/dx)c,FD), along
the x direction (at the position y = 0, z = 0 for different Wi predicted for (a) AR  1
(ideal 2-D flow) (b) AR = 1/2 (c) AR = 1/4. (d) Couette correction, C, for different
aspect ratios as a function of Wi.
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8.6 Conclusions
The three-dimensional flow of a semi-dilute PEO solution in 8:1 planar contraction chan-
nels with various aspect ratios has been studied by finite element calculations using
POLYFLOW. The linear and non-linear material functions of the sample were extracted
by fitting its rheometric data with the E-PTT model. The effect of the aspect ratio
on the flow fields has been demonstrated by a transition in vortex mechanism from a
salient-corner to a lip vortex mechanism as the aspect ratio is varied from ideal 2-D flow
(AR  1) to strongly 3-D flow (AR = 1/4). Vortex growth dynamics are governed by
a salient-corner mechanism in the channels with aspect ratio greater than 1/4, whereas
for AR = 1/4, a lip vortex mechanism is observed. By varying the aspect ratio of the
channels the elasticity number of the flow has been altered, which suggests that the as-
pect ratios in contraction flows might have a similar effects as varying other parameters,
such as the fluid property, which influence the elasticity number. A complete WiRe di-
agram would provide a valuable blueprint for non-linear dynamics of polymer solutions
and optimisation of microfluidic designs for a wide range of applications.
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Chapter 9
Summary and Future Work
9.1 Summary
This work has evaluated the capability of selected constitutive models to predict elastic
flow phenomena in complex flows. The work is embodied within an integrated experi-
mental and computational approach with the ultimate goal of developing a better un-
derstanding of the non-linear dynamics of polymer solutions obtainable in microfluidic
systems. In the present study, the cross-slot and contraction geometries have been used
as benchmark flow problems.
A numerical scheme based on the finite volume method has been implemented within
the OpenFOAM framework and rigorously tested against very reliable literature results
in the benchmark flow. The FENE dumbbell model has been modified to allow for the
non-affine deformation of polymer solutions. This modification replaces the upper con-
vected time derivative in the FENE dumbbell model with the Johnson-Segalman deriva-
tive, which enabled the prediction of some non-linear material functions including the
shear-thinning behaviour of the shear viscosity and a non-vanishing second normal stress
difference. Due to the stabilising effect of the J-S derivative and the non-linear coupling
between the evolution of the polymer microstructure and the macroscopic flow fields, the
model can predict strong viscoelastic flow phenomena which have been observed in the
high El flow regime for dilute polymer solutions in benchmark flows.
Numerical simulations have been conducted in 2-D cross-slot and contraction flows
in the high El flow regime. In the cross-slot, time-dependent stability diagrams were
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constructed based on the fluid elasticity, Wi, and the applied strain, ε, on the fluid
calculated at the stagnation point. The FENE-CD-JS model predicted a substantially
extended and broader birefringence in comparison to the L-PTT and FENE-CR models.
In the stability diagrams, three distinct flow regimes were delineated for all three models,
namely, steady symmetric flow, steady asymmetric flow, and unsteady asymmetric flow.
The FENE-CD-JS model also predicted a flow transition in which the flow goes directly
from a steady symmetric to an unsteady asymmetric flow without passing through the
steady asymmetric flow regime.
For the 2-D computations in the 16:1 planar contraction, three models, namely, the
L-PTT model, the FENE-CD-JS model with constant drag, and the FENE-CD-JS model
with non-linear drag were compared in steady-state and transient homogeneous flows. The
dynamic behaviour of the fluids in transient flow differs significantly from their steady-
state prediction. In the contraction flow, the conformation-dependent FENE-CD-JS
model clearly shows a transition from a Newtonian-like flow to asymmetric vortex growth
regime, in which the vortex in one corner becomes significantly larger than the other.
Asymmetric lip vortices were also predicted at lower Wi. Snapshots of the streamlines
at higher Wi associated the lip vortex mechanism with the onset of the time-dependent
flow behaviour. For the constant drag FENE-CD-JS model, unsteady asymmetric lip
vortices were seen at Wi = 5, whereas the L-PTT model did not show any noticeable
time-dependent behaviour. The effect of the contraction ratio was studied using a stability
diagram based on the dimensionless parameter, Elβ, which accounts for the contraction
ratio of the geometry. The trajectories represented by Elβ describes the flow regime of a
given fluid for a given contraction ratio.
Further investigations were carried out to study the effect of the aspect ratio on the
flow of a polymer solution in a three-dimensional contraction geometry. The simulations
were conducted by systematically varying the depth of the channel for a fixed contraction
ratio and the results were mapped on a Wi−Re flow diagram, which showed that varying
the aspect ratio of the geometry effectively alters the elasticity number of the fluid. The
simulations also predicted a transition from a corner vortex to a lip vortex mechanism as
the aspect ratio is reduced from an ideal 2-D flow to a strongly 3-D flow.
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9.2 Perspectives and Future Work
The outcomes of this thesis may have significant implications with regards to our un-
derstanding of the dynamics of polymer solutions in complex geometries. The work has
shown that the fundamental mechanism by which polymer molecules are rapidly extended
in flow is an important physical process, which is represented by a non-linear coupling
between the applied macroscopic flow fields and the evolution of the polymer microstruc-
ture. Based on this idea, highly elastic flow phenomena have been studied using such
a constitutive model as simple as the FENE-CD-JS for dilute polymer solutions. This
suggests that such flow regimes, which were recently explored by microfluidic experi-
mental techniques are readily accessible by numerical simulations using suitable models
and stable computational techniques. The experimental techniques can probe very high
deformation rates and, thus very short time scales of the fluid, which gives rise to intrigu-
ing flow phenomena even for very dilute polymer solutions. Therefore, as shown in this
work it is possible to predict these flows using simple mechanical models. However, for
concentrated solutions the basic assumptions of the dumbbell model will breakdown and
polymer-polymer interactions must be considered.
Further work will fully characterise the FENE-CD-JS model using multi-mode material
functions based on dilute to semi-dilute polymer solutions and perform three-dimensional
numerical simulations in order to make quantitative comparisons with experimental re-
sults. Such simulations will be very useful given the enormous amount of efforts often
involved in performing microfluidic experiments, for example, the exasperating task of
dislodging a trapped air bubble from the device. Although numerical simulations are not
substitutes for experiments, they can serve as a handy back-up tool for experiments in
predicting complex flow phenomena such as the onset of instabilities as well as for the
optimisation of geometric designs for a wide range of applications.
Further work will also attempt to simulate more complicated dynamics of concentrated
polymers and suspension systems by techniques such as the micro-macro simulation ap-
proach, in which the polymer stress is computed with a molecular simulation technique
and coupled with the macroscopic flow fields [11]. Such a simulation technique has the
potential to better capture the behaviour of polymer solutions in complex flows.
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Appendix A
Non-linear Modification to the
FENE Dumbbell Model - An
Alternative Argument To Drag Force
In this thesis, we have considered the conformation-dependent drag FENE dumbbell
model as a modification to the hydrodynamic drag coefficient. We give an alternative
argument based on a modification to the spring force constant.
We can write the FENE-CD-JS model as follows,
∇
A+
1
2
ξ(D ·A+A ·D) = − f(tr(A))
λh(tr(A))
(A− I) (A.1)
substituting for f(tr(A)) and h(tr(A)) in this equation gives,
∇
A+
1
2
ξ(D ·A+A ·D) = − A− I
λ
(
1− tr(A)
L2
)(
1− κ+ κ
√
1
2
tr(A)
) (A.2)
thus we can define a non-linear function, F(tr(A)), such that
F(tr(A)) = − 1(
1− tr(A)
L2
)(
1− κ+ κ
√
1
2
tr(A)
) (A.3)
hence Eq. A.2 becomes,
∇
A+
1
2
ξ(D ·A+A ·D) = −F(tr(A))
λ
(A− I) (A.4)
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In this equation the introduction of F(tr(A)) in Eq. A.4 may be considered as a direct
modification to the Hookean spring force law now given as F = H(tr(A))Q, in which
the modified spring force constant, H(tr(A)) = F(tr(A))H, is expressed in terms of a
constant drag coefficient, ζ0, and relaxation time, λ0. For κ = 0, F(tr(A)) = 1 − tr(A)L2
and the Warner [90] spring force law is recovered.
Fig. A.1 shows the plot of the spring force constant, H(tr(A)), with dumbbell ex-
tension, tr(A), for some non-linear spring force laws. Thus as shown by the plots, the
Warner spring force law is modified by κ yielding other spring force laws. For a given
spring force law the spring stiffness increases with the end-to-end dumbbell extension,
but with increasing κ the spring force law predicts a greater extension. The spring due
Figure A.1: Non-linear spring force laws for the FENE dumbbell model using ξ = 0,
L2 = 100, and ζ0 = λ0 = 1
to Hinch [96] and de Gennes [97] displays a non-monotonic behaviour and predicts an
excessively large extension, which suggests that this spring force law may not be suitable
for dilute polymer solutions as observed by Harrison et al [146]. By contrast, the predic-
tion of the Larson spring [1] and the intermediate spring agrees reasonably well with the
Warner spring at very low extension and are within acceptable limits of extensibility.
146
This discussion has shown that the so-called non-linear drag model may also be con-
sidered as a direct modification to the spring force law. The alternative argument of
non-linear drag coefficient assumes that the spring force must increase to counterbalance
the hydrodynamic drag force [96, 147]. In either view, the spring force law is effectively
modified.
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